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The Penrose inequality on perturbations of the 
Schwarzschild exterior 

Spyros Alexakis* 


Abstract 

We prove a version the Penrose inequality for black hole space-times 
which are perturbations of the Schwarzschild exterior in a slab around a 
null hypersurface Afp. Afg terminates at past null infinity X~ and 5o : = 
PAfg is chosen to be a marginally outer trapped sphere. We show that the 
area of So yields a lower bound for the Bondi energy of sections of past null 
infinity, thus also for the total ADM energy. Our argument is perturbative, 
and rests on suitably deforming the initial null hypersurface Afg to one for 
which the natural “luminosity” foliation originally introduced by Hawking 
yields a monotonically increasing Hawking mass, and for which the leaves 
of this foliation become asymptotically round. It is to ensure the latter 
(essential) property that we perform the deformation of the initial null 
hypersurface Afg . 
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1 Introduction 

We prove a version of the Penrose inequality for metrics which are local per¬ 
turbations of the Schwarzschild exterior, around a (past-directed) shear-free 
outgoing null surface Mq. 

Our method of proof is an extension of the approach sometimes called the 
“null” Penrose inequality dUS], and in fact relies on ideas in the PhD the¬ 
sis of Sauter under the direction of D. Christodoulou, [23]. Before stating our 
result, we recall in brief the original formulation of the Penrose inequality and 
the motivation behind it. This will make clear the motivation for proving this 
inequality for perturbations of the Schwarzschild solution. 

Penrose proposed his celebrated inequality |2D| as a test for what he called 
the “establishment view” on the evolution of dynamical black holes in the large. 
For a single black hole, the view was that the exterior region {Mext, g) should 
evolve smoothly and eventually settle down, due to emission of matter and 
radiation into the black hole (through the future event horizon 'H'^) and towards 
future null infinity . This “final state” would be non-radiating, and thus 
putatively stationary. In vacuum, such final states are believed to belong to the 
Kerr family of solutions, [141 [20] . 

While the mathematical verification of the above appears completely beyond 
the reach of current techniques (and indeed the above scenario rests on some 
fundamental conjectures of general relativity such as the weak cosmic censor¬ 
ship), it gives rise to a very rich family of problems. For example, the very 
last assertion is the celebrated “black hole uniqueness question”, to which much 
work has been devoted. It has been resolved under the un-desirable assumption 
of real analyticity by combining the works of many authors-see [muidi] 
and references in the last paper; more recently the author jointly with A. lonescu 
and S. Klainerman has proven the result by replacing the assumption of real- 
analyticity by either that of closeness to the Kerr family of solutions, or that of 
small angular momentum on the horizon [DEI [3]. 

Given the magnitude of the challenge, Penrose proposed an inequality as a 
test of the above prediction: Indeed, if the above scenario were true, then the 
area of any section S of the future event horizon would have to satisfy: 



( 1 . 1 ) 
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where ttiadm stands for the ADM mass of an initial data set for (Afextj g). To 
see that the final state scenario implies this inequality, one needs to recall a few 
well-known facts: That this inequality holds for the Kerr space-times (in fact 
equality is achieved for the Schwarzschild solution), that the area of sections of 
the event horizon T-L^ is increasing towards the future while the Bondi mass 
of sections of is decreasing towards the future, while initially (at space-like 
infinity it agrees with the ADM mass. 

Since the above formulation pre-supposes the entire event horizon , an 
alternative version of the above has been proposed, where (1.11 should hold for 
any S (inside the black hole) which is marginally outer trapped sphere (MOTS, 
from now on). Another way to then interpret the inequality (1.1) for such 
surfaces S is that all asymptoticaly flat vacuum space-times containing a MOTS 
of area IOtt, the ADM mass must be bounded below by 1; moreover the bound 
should be achieved precisely by the Schwarzschild solution of mass 1. In short, 
the mass 1 Schwarzschild solution is the global minimizer of the ADM mass for 
asymptotically flat space-times containing a MOTS of area IGtt. 

Informally, our main result is a proof that the Schwarzschild solution of 
mass 1 is a local minimizer of the ADM energy, in the space of regular solutions 
close to Schwarzschild. In fact, our result requires only a portion of a space-time, 
which is a neighborhood of a past-directed outgoing null hypersurface which 
emanates from the MOTS Sq and extends up to past null infinity I~. It is in 
that portion of the space-time that we require our metric to be a perturbation 
of the Schwarzschild exterior. 

Before proceeding to state the result precisely, we note the many celebrated 
results on the Penrose inequality in other settings. The Riemannian version 
of this inequality (corresponding to a time-symmetric initial data surface) was 
proven by Huisken-Ilmanen (for a connected MOTS which in fact is an outer¬ 
most minimal surface on the initial data surface) [15] and Bray (for a MOTS 
with possibly many components) [8], and has led to many extensions to incor¬ 
porate charge and angular momentum. See m for a review of these. 


While the aforementioned results deal with an asymptoticaly flat (Rieman¬ 
nian) hypersurface in a space-time (Ai , g), our point of reference will be null 
hyper-surfaces in (Al,g). 

To state our assumptions clearly, recall the the Schwarzschild metric of mass 
m in Eddington-Finkelstein coordinates: 

^TTl 

^Schwarz = —(1- )du^ + 2dudr + r^{d0^ + sin^9d(j)^). (1.2) 

r 

Here any hyper-surface {u = Const, r > 2m} is a shear-free (rotationally sym¬ 
metric) past-directed outgoing null hypersurface, which terminates at past null 
infinity Consider the domain T> := {u S [mojUo + m),r > 2m} in the 

Schwarzschild space-times. The portion {r = 2m} of the boundary of this do¬ 
main lies on the future event horizon of the Schwarzschild exterior. In 

^{u = Const, r > 2m} is a 3-dimensional smooth submanifold. We use the term “hyper¬ 
surface” or “null surface” in this paper, with a slight abuse of language. 
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particular all the spheres {r = 2m, u = Const} are marginally outer trapped 
surfaces (the definition of this notion is recalled below). 

Our main assumption on our space-time is that the metric g defined over 
the domain V := {u € [uqjMo + rn),r > 2m, 9 S [0,7r),0 S [0, 27r)} is a 
perturbation of the Schwarzschild metric over the same domain, where we partly 
fix the gauge by requiring that the sphere Sq := {u = UQ,r = 2m} is still 
marginally outer trapped and the hypersurface {r = 2 to} is still null. (We 
make the C^-closeness assumption precise below). 

The inequality that we prove involves the notion of Bondi energy of a section 
of null infinity, compared to the area of a MOTS. We review these notions here: 


Sections of Null infinity and the Bondi energy. We recall past null 
infinity I~ is an idealized boundary of the space-time, where past-directed null 
geodesics “end”. In the asymptotically flat setting that we deal with here, 
the topology of I~ is K x S^. In the coordinates introduced above for the 
Schwarzschild exterior (and also in the perturbed Schwarzschild space-times we 
will consider), we can endow with the coordinates u, (j), 9. 

A section Soo ■= {u = /(</^’j^)} of I~ can be seen as the boundary 
at infinity of an (incomplete) null surface A/). We schematically write Soo = 
dooAO. Now, consider any I-parameter family of spheres St,t > I foliating JV_ 
and converging (in a topological sense) towards Soo- A (suitably regular) such 
foliation {iSj} is thought of as a reference frame relative to which certain natural 
quantities at Soo are defined. In particular, recalling the Hawking mass of any 
such sphere via (2.231 below, let: 


Definition 1.1. The Bondi energy of Soo '■= dooJSL relative to the foliation 
(reference frame) St is defined to be : 


TjQ .— limt—too'^llavj]i{St\, 

provided that: 

lim (^^K[£.]) = 1. 

t^OO ^ 4:7T 

(The limit here makes sense by pushing forward the metrics from St to Soo, via 
a natural map that identifies the point on St with the one on Soo that lies on 
the same null generator of Af). 

We note that the asymptotic roundness required above is necessary for the 
limit of the Hawking masses to correspond to the Bondi Energy of Soo (relative 
to the foliation St,t > 1). We also remark that the Bondi energy corresponds to 
the time-component of the Bondi-Sachs energy-momentum 4-vector {Eb,Pb) 
cf Chapter 9.9 in m. relative to the reference frame given hy St, t> 1. 

The Bondi mass is defined to be the Minkowski length of this vector: 

rriBiSoo] = \/ {EbY — \Pb\^- 

This is in fact invariant under the changes of reference frame considered above. 
We refer to [2T] Chapter 9.9 for the definition of these notions. We note that 
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the theorem we prove here yields a lower bound for the Bondi energy, rather 
than the Bondi mass. In fact, we believe that the proof can be adapted to cover 
the case of the Bondi mass also|^ since the two notions agree when the linear 
momentum vanishes (this is the center-of-mass reference frame). 

The reason we do not pursue this here, is that the definition of linear mo¬ 
mentum used in |21j uses spinors, and it is not immediately clear to the author 
how to translate this notion into the framework of Ricci coefficients used here. 

Marginally outer trapped spheres: 

Definition 1.2. In an asymptoticaly flat space-time (AI,g), a 2-sphere S G A4 
is called marginally outer trapped if, letting trx^\S] he its null expansion relative 
to a future-directed outgoing normal null vector field L, and also try—[5] its 
null expansion relative to the future-directed incoming null normal vector field 
L, then for all points P G S: 

trx^[S]{P) = 0,trx-[5](P) < 0. 

Our result is the following: 

Theorem 1.3. Consider any vacuum Einstein metric overP := {u € [uo)Mo + 
m),r > 2m,{(j),0) € S^} as above which is a perturbation of the Schwarzschild 
metric of mass m over V (measured to be S-close, in a suitable norm that we 
introduce below), and such that the surface Sq ■= {u = Uq, r = 2m} is marginally 
outer trapped. 

Then if S m there exists a perturbation S' C P of Sq, which is also 
marginally outer trapped, and such that 

• Area[5'] > Area[iS]. 

• The past-directed outgoing null surface emanating from S' is smooth, 
terminates at a cut S°^ C T~, and moreover the following Penrose in¬ 
equality holds: 




Area[iS'] 

IGtt 


(1.3) 


where £'b[5°°] stands for the Bondi energy on the (asymptotically round) 
sphere S°° onJCg,, associated with the luminosity foliation on Jffg,. (The 
latter foliation is recalled below) 


Furthermore, equality holds in the first inequality if and only if S' G {r = 2m}, 
and trx^ = 0 on {r = 2m} between S, S'. Equality holds in the second inequality 
if and only if Afg, is isometric (intrinsically and extrinsically) to a spherically 
symmetric outgoing null surface {u = Const} in a Schwarzschild space-time. 


^We explain why this should be so in a remark in the next subsection. 
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Figure 1: The Penrose diagram of the domain V, the “old” MOTS S and the 
“new” MOTS S' , and the smooth outgoing null surfaces Afn.Af 

1.1 Outline of the paper. 

Our proof rests on a perturbative argument. We mainly seek to exploit the 
evolution equation of the Hawking mass under a particular law of motion (in¬ 
troduced in m) on a fixed, smooth, outgoing null surface together with the 
possibility of perturbing the underlying null surface itself. We note that the 
possibility of varying the underlying null hypersurface as a possible approach 
method towards deriving the Penrose inequality was raised in Chapter 8 in |23j . 

The broad strategy is based on two observations: 

• On the Schwarzschild space-time and, on small perturbations of the Schwa- 
rzschild space-time, the Hawking mass is increasing along “nearly” shear- 
free null hypersurfaces A/(q that emanate from a MOTS, when N_q is fo¬ 
liated by a “luminosity parameter”, originally introduced in m , as we 
recall below. However, as observed in , the corresponding leaves of the 
foliation may fail to become asymptotically round. 

• Under the closeness to Schwarschild assumption, we can perturb the un¬ 
derlying null hypersurface Mq towards the future in order to induce a small 
conformal deformation of the metric “at infinity” associated with such a 
foliation. In fact (after renormalizing by the area), we can achieve any 
small conformal deformation. Moreover, all such new null hypersurfaces 
Af ' emanate from MOTSs S' with Area[iS'] > Area[5]. 

The proof is then finished by invoking the implicit function theorem, since by the 
“closeness to Schwarzschild” assumption, the (renormalized) sphere at infinity 
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Soo of the original is “nearly round”, thus it can be made exactly round by a 
small conformal deformation. 

Remark. As explained, our proof below in fact shows that all small, area- 
normalized, conformal transformations of the metric on the sphere at infinity 
Soo can be achieved by small perturbations of Afn- In particular, we believe 
that we can find a nearby surface Nf for which the linear momentum of the 
(perturbed) sphere at infinity vanishes, thus we obtain a lower bound for the 
Bondi mass, and not just the Bondi energy. However we do not pursue this 
here. 

Section Outline: In sectionj^we state the assumptions of closeness to Schwa- 
rzschild precisely. We also recall the Ricci coefficients associated to a foliated 
null surface N), and (certain of) the null structure equations which link these 
to components of the ambient Weyl curvature. We also set up the framework 
for the analysis of perturbations of our given null surface A^q- In section]^ we 
study the “nearby” MOTSs to 5o, when we deform 5o towards the future. 

In section we study the asymptotic behaviour of the expansion y of any 
smooth fixed null surface and moreover the variational behaviour of this 
relative to perturbations of N_. We also recall the luminosity foliations and the 
monotonicity of the Hawking mass evolving along these foliations. We then 
show that the luminosity foliations asymptotically agree with affine foliations 
to a sufficiently fast rate, so that the Gauss curvatures and Bondi energies 
associated to the two foliations agree. This then enables us to replace the study 
of luminosity foliations by affine ones. 

In particular in sectionj^the first variation of the luminosity foliations is cap¬ 
tured by “standard” Jacobi fields. We then note (relying on some calculations 
in 0 ) that the effect of a variation of JV_q on the Gauss curvature at infinity is 
captured by a conformal transformation of the underlying metric over the sphere 
at infinity Sao- In the latter half of that section we derive the solution of the 
relevant Jacobi helds. In conclusion, the first variation of the Gauss curvature 
is captured in the composition of two second-order operators, J- o C, where C is 
a perturbation of the Laplace-Beltrami operator on the metric 70 := g| 5 o! 
if is the operator A.ycxj -|- 2 /C[ 7 °°], for 7 °° being the metric at infinity associated 
with the luminosity foliation on A(q and /C[ 7 °°] its Gauss curvature. The proof 
is then completed in sectionj^by an application of the implicit function theorem. 

Acknowledgements: The author thanks Rafe Mazzeo for helpful conver¬ 
sations. Some ideas here also go back to the author’s joint work with A. Shao 
in [5]. This research was partially supported by grants 488916 and 489103 from 
NSERG and an ERA Ontario grant. 

2 Assumptions and Background. 

We state the assumptions on the (local) closeness of our space-time to the Schwa- 
rzschild solution, as well as the norms in which this closeness is measured. The 


7 


assumptions we make concern the metric in the domain V, and the curvature 
components and their variational properties on a suitable family of smooth null 
hypersurfaces contained inside V. (This is the family in which we perform the 
variations of^p). As we note below, one expects that one does not really need 
to assume regularity on the whole domain V. Rather, what we assume here 
should be derivable assuming data on the initial A/(q, and a suitable portion 
iL G [Aqi Mo + of I~ only. Finally, we note that the number of derivatives (of 
the various geometric quantities) can be dropped. Yet any such weakening of 
the assumptions is not in the scope of this paper, and would lengthen it sub¬ 
stantially. The main contribution we wish to make here is to introduce the idea 
of deforming the null surfaces under consideration, as a possibly useful method 
for inequalities in general relativity, via an ODE analysis of the null structure 
equations. 


2.1 Closeness to Schwarzschild and regnlarity assnmptions. 

In order to state the closeness assumption precisely from we need to 

introduce the parameters that capture the closeness of our space-time to the 
Schwarzschild background. 


The Scharzschild metric: Recall the form (1.2) of the Schwarzschild met¬ 


ric 5Schwarz- In particular note that r is both an affine parameter on each null 
surface u = Const, and an area parameter, in that: 

Area[{r = B} P|{m = Const]} = 

Consider the normalized null vector fields 


L = dr,L = 2du + il - )dr. ( 2 . 1 ) 

“ r 

Then MSchwarz(A, L) = 2 and the Ricci coefficients of the Schwarzschild metric 
relative to this pair of null vectors are 

trx^ = (1 - =‘^,X^=X- = 0 , = 0 . ( 2 . 2 ) 

r r — r — 

In particular note that trx^ > 0 on AO away from = {r = 2m}, and 
moreover 

drtrx\-H+ = (2m)“^ > 0. (2.3) 

Coordinates for the perturbed metric: The metrics we will be consider¬ 
ing will be perturbations of a Schwarzschild metric of mass m > 0 over a domain 
V. We will be using a label u for the outgoing past-directed parameter instead 
of r; this is since it will no longer correspond with the area parameter r. We 
consider a metric g over 1) ■= {uG [Mqi Mo + ^ 2m, (f> G [0, 2tt),0 G [0, tt)}. 

We let So := {u = 2m, u = Wq}. (Below we will always be considering two co¬ 
ordinate systems to cover this sphere; all bounds will be assumed to hold with 
respect to either of the coordinate systems). The coordinates are normalized 



so that u is an affine parameter on each surface {u = Const}, and the level set 
A/'[5] := {u = 2m} is an outgoing null hypersurface, and moreover u is an affine 
parameter on A/'[5o]. The coordinates (j), 6 are fixed on the initial sphere Sq and 
are then extended to be constant on the generators of A/’[5o], and then again 
extended to be constant on each of the null generators of each {u = Const}. 

Note that this condition fixes the coordinates uniquely, up to normalizing 
du,du on the initial sphere, 5o. We normalize so that letting L := i9„ on that 
sphere trx— = 2 and g{L, L) = g{L, du) = 2. 

We will find it convenient to introduce a canonical frame on any smooth 
past-directed outgoing null surface M emanating from a sphere S; the frame 
is uniquely determined after we choose (two) coordinate systems that cover S, 
and an affine parameter on J^. 

Definition 2.1. Given coordinates (j), 0 on S, we extend them to be eonstant 
along the null generators of Given an affine parameter A on with A = 1 
on S = dJff, we let $ := 0 := \~^de. We let e^ := $, := 0. 

We also consider a vector field L whieh is defined to be future-directed and 
null, and moreover satisfies: 

g{e\L)=g{e\L)=g{L,L) = 2. (2.4) 

We will be measuring the various natural tensor fields over a null surface Jf[_ 
with respect to the above frame. We introduce a measure of smoothness of such 
tensor fields: 

Definition 2.2. We say that a function f defined over any smooth infinite null 
surface J\f_ with an affine parameter A belongs to the elass 02{\~^) if in the 
coordinate system {A, := (j>, (jP := 9} on Af we have |A^/| < 5, f\ < 6, 

< S. The classes Of,0^ are defined analogously, by not requiring 
the last (respectively, the two last) estimates above to hold. 

We also considering any 1-parameter family of tensor fields tab...c over the 
spheres S\ that foliate . (Thus the indices take values among e^,e^). We 
say that t € 02 (A“^) if and only if any component t{ei^ .. - Cij) in this frame 
belongs to 

The parameter d > 0 will be our basic measure of closeness to the Schwarz- 
schild metric. We choose 0 < d <C m. 

We can now state our assumptions at the level of the metric, the connection 
coefficients and of the curvature tensor. Note that for the level sets of the 
optical function u introduced above, we have chosen a preferred affine parameter, 
which we have denoted by u. The assumptions will be stated in terms of that 
u: 

Assumptions on the metric: In the coordinate system above over T), the 
metric g takes the following form, subject to the convention that components 
that are not specifically written out are zero: 
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g={2 + 0^{u ^))dudu—(l - \-0^(u ^))dudu + 0^{u ^)d(j)du +(u ^)d6du 

+ ^ g4,sd(j)d9, 

4.,0 

(2.5) 

and the components g^,^,, gcj^e, dee are assumed to satisfy in both coordinate sys¬ 
tems: 

\9<j>rl> - {9s^)>f»p\ + \990 - (5§2)ee| + \g^9 - (5s2)<)ie| < <5. (2.6) 

where gs^ stands for the standard round metric on the unit sphere S^, with 
respect to the chosen coordinates 4>, d- 

Connection coefficients on Sq: We assume that 


2 2 2 
trx^iSo] = |9«x-| < 5,^ ^ S,tx^{So] = 0,^ < 5 

i—0 z—0 z—0 

2 

i^O 

(2.7) 

Curvature bounds: Finally, the curvature components are assumed to de¬ 
cay towards T~ at rates that are consistent with those derived by Christodoulou 
and Klainerman in the stability of the Minkowski space-time, [in](^ It is nec¬ 
essary, however, to strengthen that assuming that up to two spherical and one 
transvers^ derivatives of our curvature components also satisfy suitable decay 
properties. (The latter can be seen as strengthenings of the decay derived in 
|10j . which are however entirely consistent with those results). 

To phrase this precisely, recall the independent components of the Weyl 
curvature in a suitable frame: Consider the level spheres Su C of u on 
Consider the frame $, 0 (Definition [2^ on these level spheres, and let L be the 
future-directed null normal vector field to the spheres Su, normalized so that 
9[L,L) = 2. 

Then, letting the indices a, b below take values among the vectors d*, 0 we 
require that for some 5 > 0 and all uG [uq,Uq + m), u > 2m: 

1 11 2m 

Q-ab '■= RbaLb = Pa ■= RbLLa = 02^^) ^ P =- X + ^2('“~^) 

O- ■■= ^Rl12L = ■= ^LLLa = := RLaLb = 0 ^( m " 3 ""), 

( 2 . 8 ) 

^Note that in m the bounds are derived towards X"*". 

^The transverse directions are L, L 
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where the last two equations are assumed to hold for some e > 0|^ 

We also assume the same results for the L-derivatives and L-derivatives of 
the Weyl curvature components, again for all uG [ug,UQ + m), u > 2M: 


VLC^ab = O^(-), VL/3a = Oi{\),VLP = Oi{u-^) 
u 


^Laab = Oi{^),WL/3a = = O^iu-^) 

- - U-^ - (2.10) 

Via = 0^^{u-^),VlP^ = OUu-^-^),VLa,, = 

Variations of null surfaces: As our theorem is proven by a perturbation 
argument, we now introduce the space of variations of our past-directed outgoing 
null surface ,Vq which emanates from Sg. 

Considering any smooth positive function ui{(j), 9) over 5o, we let: 


5,, :={u = w((/),0)} cAA[5o]. (2.11) 

Definition 2.3. Let he the unique past-directed and outgoing null vector field 
normal to S^i and normalized so that g{L,L^) = 2. Let be the null surface 
emanating from L^. We extend L^ to an affine vector field: Vl L^ = 0. Also 
let Atj be the corresponding affine parameter with Ai^ = 1 on S^. 

The next assumption asserts that the decay assumptions for the curvature 
components and Ricci coefficients on all A/(„ persist under small deformations 
of A/*,,, for all uG [mq) Mo + ”^)- 

For any function w > 0 with ||w||c 2 < 10“^m we consider the components 
a,... using the vector field L^, and its induced frame onAf^. We then assume 
that the differences of all the relevant curvature components and derivatives 
thereof between ALtALu bounded by ||a;||c 2 . (Recall that by the unique 
construction of coordinates (j), 9, on A/* ,,, we have a natural map between 
Af,Af.fi. Specifically: 

Assumption 2.4. For any e°‘,e^,a,b G {1,2} and any k,l G {1,2} below we 
assume: 


I ^ lo uj o I o' 

Ittafa-aaftl < —— ,\d^ka^i,-d^kaab\ < —— fid', 


A 


A 


^ab ^rh>=rh<-^ab\ ff 


M\c^ 




A ’ 

( 2 . 12 ) 

we moreover assume the analogous bounds for the differences for the derivatives 
'X7L^a andVand any Ricci coefficient, curvature component, or rotational 
derivative thereof in (2.8|, (2.9|, (2.10) evaluated against the frames e® and 
identified via the coordinates constructed above. 


^Note that in [TO] these bounds where derived for e = |. Any e > 0 is sufficient for our 
argument here. 
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Remark. The above assumption can in fact be derived using (2.8), (2.9), (2.10) 
and by studying the geodesics emanating from in the coordinate system con¬ 
structed on T). However to do this would be somewhat technical and is beyond 
the scope of this paper. So we prefer to state it as an assumption. 


Since our argument will be perturbational, we find it convenient to alterna¬ 
tively express w = r • e’', where r will be a parameter of variation. Specifically: 

Definition 2.5. Consider any function v G C^[5o], ||^^||c2(5o) ^ and any 

number r G (0,1), and let: 


:= {u = eV} C Af[So]. (2.13) 

We also let L.^ ^ be the unique past-directed and outgoing null vector field normal 
to Sy^T and normalized so that g{L,L.^, = 2. 

Let Afy y be the null surface emanating from Also let be the affine 

parameter on A/* .,. ^ generated by normalized so that Xy y = 1 on Sy^y. 

Next, we will be studying the perturbational properties of the parametrized 
null surfaces based on the geodesics that emanate from ^ in the direction of 
the null vector field Ly y. 

A key in proving our theorem will be in equipping each of the null surfaces 
Afy^y with a suitable foliation. As we will see, it is sufficient for our purposes 
to restrict attention to affine foliations of our surfaces ffy t- The additional 
regularity assumption is then that the variation of the Gauss curvatures of the 
leaves of such affine foliations is captured to a sufficient degree by the Jacobi 
fields which encode the variations. To make this precise, we introduce the space 
of variations of affinely parameterized null surfaces. 

For a given v G W^’^(So) (for any fixed p > 2 from now on), consider any 
1-parameter family of smooth null surfaces Af y ^. Each of these surfaces can 
be identified with a family of afRnelly parametrized null geodesics that rule 
them. In other words, consider any sphere Sy^r G1 A/'[iSo], and a smooth family 
of affinely parametrized null geodesics jy^riSjQ) for Q G Sy^y (s is the affine 
parameter); then the null surface A/*,, y. as long as it is smooth can be seen 
simply as the union of the null geodesics jy,y(s,Q): 

Ky,y= U (2T4) 

Consider a function /(r,5o) (i.e. f{T,(j),9) in coordinates). Note that the 
function fXy^y is still an affine function on Af y y. 

Clearly, the variation of the null surfaces Afy^y and the associated affine 
parameters f • Xy^y is encoded in Jacobi fields along the 2-parameter family of 
geodesics 7 (A, Q) C A/). 

In particular, we consider the Jacobi fields over 7o(Q),Q € 5o: 

4"(A) := ^\y=0lvAf ■ Kr,Q)- (2.15) 
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Definition 2.6. We let S^'J := = B} C We let be 

the Gauss curvature of that sp/iere|^ We let lC[S^]f] := B^IC[S^:/]. We call 
AC [ 5 ^ 4 /] the renormalized Gauss curvature of S^:/. 


The final regularity assumption on our space-time essentially states that the 
Jacobi fields (2.15) capture to a sufiicient degree the variation of the Gauss 
curvatures of the spheres at infinity associated with the affinely parametrized 
above. To make this precise, define 


Definition 2.7. We say that a function Fy^r{(j),9, B) with v G t G 

[0,1) and {(j), 9) G S^, B >\ lies in o{t) if for the set B{0,10~^m) C 
we have T~^Fy^r{(j),9, B) — >■ 0 as r —>■ 0, uniformly for all v G S(0, 

{4>,9) G Ef,B > 1. We also say that Fy^T((f>,9, B) lies in 02 (t) if F, d^iF and 
in o(t). 

We say that Fy^r{(j),9^B) G 0{B~^) if for all v G ,6(0, 10“^to) G W‘^’P{So) 
as above, r G [0,1) we have F{v, r, B) < CB~^ for some fixed C > 0. We also 
say that F G 02iB~^) if F, d^iF and d^i^jF lie in 0{B~^). 


(Note that Defin ition 2.2 deals with functions that depend only on (j),9,X, 
while Definition 2.7 deals with functionals that also depend on w G G 

[ 0 , 1 )). 

Our final regularity assumption is then as follows: 


Assumption 2.8. Let us consider the frame L, $, 0, L over Mn as in Definition 

roi 

Gonsider a Jacobi field J overAf^ as in (2.15) forv G > 2[^ Express 

J with respect to the frame L,^,Q,L, with components J^,J— and J'^, J®. 
Assume that J^, J® = 02(A“^). 

Then we assume that the (renormalized) Gauss curvature of the sphere {/ • 
Xy^r = B} C Afyy asymptoticully agrees with that of the sphere obtained by 
flowing by r in the direction of the Jacobi field starting from Af^: 

Let Sy^r be the sphere {fXy^r = B} C ALy^r ^i-Ro-w{T)iB) be the sphere 
that arises from {Aq = B} C AL by flowing along L by J—t. Finally let L) 
be the null vector field that is normal to 5i_flow(T)(.S)) o.'^d normalized so that 
g{L(,L) = 1; let 52_flow(r)(A?) be the sphere that arises from 5i_flow(T)(A3) 
flowing along the L) by J^ ■ t. Then: 


B‘^lC[Sy^r] = B2AC[52_flow(r)(.S)] + o(t) + 0{B-^). (2.16) 

We remark that the above property is entirely standard in a smooth metric 
for finite geodesic segments. (See the discussion on Jacobi fields in [16], for 
example). Thus the assumption here should be seen as a regularity assumption 
on the space-time metric near null infinity, in the rotational directions $, 0 and 
in the transverse direction L. One expects that this property of Jacobi fields can 

®We think of the Gauss curvature as a function in the coordinates (j>, 9. 

^I.e. the ball of radius 10“^m in the Banach space 

®We suppress f,v,Q for simplicity. 
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be derived from the curvature fall-off assumptions we are making, since it also 
follows immediately when the space-time admits a sufficiently regular conformal 
compactification (by using the aforementioned result on finite geodesic segments 
as well as the conformal invariance of null geodesics). However proving this is 
beyond the scope of this paper, so we state this as an assumption. 

2.2 The geometry of a null surface and the structure equa¬ 
tions. 

The analysis we will perform will require the use of the null structure equa¬ 
tions linking the Ricci coefficients of a null surface with the ambient curvature 
components. We review these equations here. We will be using these equations 
both for future and past-directed outgoing surfaces N and N. 

Let us first consider future-directed null outgoing surfaces Af, and let L be 
an affine vector field along Af. Let A being a corresponding affine parameter and 
L be the null vector field with L normal to the level sets of A and normalized 
so that g{L, L) = 2j^ 

Given the Levi-Civita connection D of the space-time metric g, the Ricci 
coefficients on Af for this parameter are the following: 

• Define the null second fundamental forms x, x by 

x{X,Y)=g{DxL,Y), x{X.Y) = g{DxL,Y), X,Y. 

Since L and L are orthogonal to 5, both x and x are symmetric. The 
trace and traceless parts of x (with respect to ff), 

trX = T'^Xo.b, X = X-\ {trx)ii. 

are often called the expansion and shear of Af, respectively. The same 
trace-traceless decomposition can also be done for x- 

• Define the torsion C by 

aX) = ^g{DxL,L). 

The Ricci coefficients on a given sphere S C Af depend on the choice of the 
null pair L, L. When we wish to highlight this dependence below, we will write 

x^,x-, C-- 

The Ricci and curvature coefficients are related to each other via a family 
of geometric differential equations, known as the null structure equations which 
we now review. For details and derivations, see, for example, [iniin]. 

^Note that this is the reverse condition compared to the usual one, where both L,L are 
future-directed. This is also manifested in some of the null structure equations below. 
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Structure equations: We use the connection ^which acts on smooth 
1-parameter families of vector fields over the level sets of an affine parameter A 
as follows: 

0 , Ao) := proj{^^;,„j (2.17) 

In other words, is merely the projection of VlAT onto the level sphere of 

the affine parameter A. The definition extends to tensor fields in the obvious way. 
We analogously define a connection ^^ on foliated future-directed outgoing null 
surfaces M. 

Then, the following structure equations hold on M. 


^ L\ab — if \ac\bd bXab^ 

fLCa = 2f'^XabCc - Pa, 

= -{faCb + fbCa) + + XbcX^j) “ 2CaC6 “ Pilab- 

In particular the last equation implies: 

= ^trytrx - 2divC, - 2|Cp -2p + yy. (2.19) 

An analogous system of Ricci coefficients and structure equations hold for 
the past-directed and outgoing null surfaces Af. Now L will be an affine vector 
field on Af and A will be the corresponding affine parameter. In this case, we 
let L be the null vector field that is normal to the level sets of A and normalized 
so that g{L, L) = 2. 

The Ricci coefficients y, y are then defined as above; we define C in this con¬ 
text to be C(A1) = ^g{DxL, L). We then have the following evolution equations 
on AO: 


'^LX^b = -f^'lLacPkd - ^ab, ( 2 . 20 ) 

^TCa = 2/%,Cc-/3,, 

L^Xab = ~i'^aCb + bCa) ~ (XacX^^ + ~ ~ Pilab- 

The last equation implies: 

^Ltry = -^trytry - 2divC, - 2|C|^ - 2p - yy (2.21) 

Hawking mass: For any space-like 2-sphere 5 C Ad, we consider any pair 
of normal vector fields to S, L, L, with L and —L being past-directed. Let 
y(5),y(5) be the two second fundamental forms of S relative to these vector 
fields. Let trx, trx be the traces of these. We also let 


r[5] := 


Area[5] 

47r 


( 2 . 22 ) 


15 



Then the Hawking mass of S is defined via: 


WHawk(5) := ^[‘5](1 - ^ (2.23) 

Recall also the mass aspect function fi: 

/i = /C - ^trxtrx - divC,. (2.24) 

In view of the Gauss-Bonnet theorem, we readily derive that: 

[ fidVs = —mHawk(5). (2.25) 

Js r 

2.3 Transformation laws of Ricci coefficients, and pertur¬ 
bations of null surfaces. 

Recall that A/'[iSo] is equipped with an affine parameter u normalized so that 
u = Uq on So and L{u) = 1. Our proof will require calculating up to 

an error 02 (t). 

For this we will use certain transformation formulas for the Ricci coefficients 
of affinely parameterized null surfaces under changes of the affine foliation; we 
refer the reader to [S] for the details and derivations of these. 

In order to reduce matters to that setting, we consider a new affine parameter 
yf on A/’[5o] defined via: 


u'- I := e-''(u-1). (2.26) 

(Thus {u = 1} = {u' = 1} = So, and Sy^r = {Vi = '^})(^ We now invoke 
formula (2.11) in for Sy^r which calculates the Ricci coefficients X^C^X^ 
defined relative to the vector field e"Ly y, in terms of the Ricci coefficients x, C,, x 
defined relative to the original vector fields L. While the primed / and un-primed 
tensor fields live over different tangent spaces (the level sets of two different affine 
parameters), there is a natural identification between these level sets subject to 
which the formulas below make sense; essentially we compare the evaluations 
of these tensor fields against their respective coordinate vector fields. We refer 
the reader to [S] regarding this (technical) point. 

Thus in our setting we calculate, on the spheres 


xlfc = - 2 (m - 1)1/abV - 2{u - l){1/aV ■ Cb + fbV ■ Ca) (2.27) 

- (M - ■ Xab - 2llyV ■ Xbd - 2fhV ■ Xad) 

^^Note that by construction ^ is normal to the level sets of the affine parameter on 

Af[So]. 

^^The differences in some signs and the absence of compared to (2.11) in are due to 
the different orientations of L and and their different scalings by relative to L, L' in 

(2.11) in [5]. 
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- 2{u- l)fa_vfi,V. 

Replacing u — 1 as in (|2.26), (recall u' — 1 = r) we find: 


^ab = Kab - • Ca) 


(2.28) 


- (s - ■ Xab - 2f,v ■ Xbd - 21/■ Xad). 


Then, using (2.19) we find: 


tri{S^,r) = trxiS.^^) - 2TAs,e'’ - 4T(y“e"Ca) (2.29) 

+ T^e^'y‘=‘‘f^vfav ■ trx - Ar'^favfdV ■ x“‘^ 

= trxiSo) + e'"T\'Ltrx{So) - 2TAsoe'" - 4T(C“Vae'') + o(r), (2.30) 

where is the Laplace-Beltrami operator for the restriction yf of the space- 
time metric g onto Sq. Thus in particular, we derive that on 0 


trx[Sv,T] = trx[5o] -f rOitrxl^oJtrxi^o] - 2p[5o] -h x[‘5o] • xl^o] 31 ) 
- 2divC[So] - 2|C[5o]ne’' - 2 A 5 „e" - 4(C[5o]“V„e")} + o(t). 

For future reference, we also recall some facts from [5] on the transformation 
law of the second fundamental forms x and x on the level sets of suitable affine 
parameters A on A)). In particular, given a function oj over S = dAf, we 
consider the new affine parameter X' defined via: 

A'-l =e“(A-l). (2.32) 

(Recall that A = 1 on 5), we let 1/ the associated null vector field, and L' 
the null vector field that is normal to the level sets of A', normalized so that 
giL.', L') = 2. We let x^ x' be the null second fundamental forms corresponding 
to iJ^ L'. Then (subject to the identification of coordinates described in section 
2 in 0), X^ x! evaluated at any point on A[_ equal: 


Aafa = e X,, 


(2.33) 


C = Ca + (A - m'^^l/.V • Xac - 1/aV, (2.34) 

xlb = e-^{xab - 2(A - 1)1/ab^ - 2(A - l){1/,io ■ ^ • Ca) (2.35) 

- (A - l)^ry,a;(y,a; • x,, - 2^.0; • x,, - 2^,0. • x„J 

-2{X-l)1/,u:1/M- 

An application of these formulas will be towards constructing new MOTSs, 
off of the original MOTS Sq. 

^^The terms in the last line are all evaluated on the initial sphere tSo- The difference between 
the Ricci coefficients on tSo and Sv,t is of order o(t), by the evolution equations in the previous 
subsection. 
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Figure 2: The “old” null surface and the “new” emanating from 5' 


3 New MOTS off of <So 


Our aim here is to capture the space of marginally outer trapped 2-spheres 
nearby the original sphere iSq, but to its future, (with respect to the direction 
L). Recall Sv^t,Llv -r from Definition 


2.3 


(where e" ■ t = uj). 


We let X be the null second fundamental form on ^ corresponding to 


We then claim: 


Lemma 3.1. Given any v & C^\S[)\ with\\v\\c^ < (10)“^m, thenforallrG [0,1) 
there exists a function F{v,t) > 0 for which 5' ^ := {A^,t = F{v,t)} C Afy ^ 
is marginally outer trapped (see Figure 2). Furthermore, we claim that: 


— 2-1- r{[—2p[iSo] -b Xafci'^o] • X“*’[‘5o] 

- 2divC[So] - 2|C[5o]ne" - 2A5oe” - 4(C[5o]Vae”) 

+ e"lxl^[‘5o][—2p[5o] — 2diz;^[iSo] — 2|^[5o]|^ -b x[‘5o]x['5o]] H ~ 2 — IxH'^o])} + 02 ( t ) 

(3.1) 

For future reference, we let: 

£(e”) := - 2] 

= [—2p[5o] -b Xo&[‘5o] • X°^[‘5o] 

- 2diuC[5o] - 2|C[5o]ne” - 2A5oe” - 4(C[5]Vae”) 

+ e”|x|"[5o][-2p[5o] - 2dtvC[So] - 2|C[5o]|2 + xl^olxl^o]]”'( - 2 - IxH^o])- 

(3.2) 

Note that the operator C can also be expressed in the form: 

£(e”) = [A5„ + + (^ + 0^2il))V- (3.3) 
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(The use of the symbol 02 ( 1 ) i® abuse of notation, since the functions in 
question do not depend on A-here it merely means that the functions involved 
as well as their first and second rotational derivatives are bounded by d). 

We remark also that the area of 5' ^ is not lesser than Sq: 

Lemma 3.2. With 5' as above (see Figure 2), 

Area[5'_^] > Area[iSo]. 


Furthermore we have equality in the above if and only if try [5] = 0 for each 
sphere S C A/'[iSo] contained between Sq and S^^t on A/'[iSo], and moreover 
Fiv,T) = 0. 


Proof of Lemma S.F We start by invoking formula (2.29) to find that 


+ t{[-2p[ 5] + Xah[5o] • x“*'[5o] 

- 2divC[So] - 2|C[5o]P]e" - 2A5oe’' - 4(C“[5o]Vae")} + 02 (r) 


On the other hand, letting y stand for the second fundamental form on A/'[iSo] 
the first formula in (2.18) tells us that 


trx[Sv,r] = -re^'lxH^o] +02(r) 


(3.5) 


Now, using the mean-value theorem, we find that there exists a function F(v, t) 
so that S( j. (as in defined in the theorem statement) is marginally outer trapped, 
and moreover: 


F{v,t) = 


trx^[Sv,r] 

'^L^^Jrx^[Sv,r] 


02 (r) 


Te"|xp[5o] 

^trx[5«,r] 


02 (r). 


(3.6) 


To show (3.1), we first recall (2.21). 


L^^Jrx[Sv,T] = 


1 

2 


trx[Sv,r]trx[Sv,T] - ‘2 p[Sv,t] - 2div([Sy^r] - 2|C[5„,t-]| 


2 


(3.7) 


Note in particular that the assumed closeness to the Schwarzschild space-time 
implies that ^trx[Sv,T] is bounded below by for r S [0,1). Using 


(2.21) we derive that: 


F{v,t) = re’'|xn5o]{-2p[5o] - 2divC[So] - 2|C[5o]P - x[‘5o]x['5o]} ^ + 02 (r). 

(3.8) 


Therefore (3.1) follows by invoking the first (traced) formula in (2.20) to obtain: 
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trx[Sy,r] = trx[Sv,r] + Fiv,T)[-^{trxf[Sy^r] - |xP[‘ 5 „,r]] + 02(r) 

= trx[Sv,r] + F{v,t)[-^2^ - IxH^o]) + 02 (r) 

= trx[So] + t{[-2p[5o] - Xab[So] ■ x“^[5o] 

- 2di^;C[5o] - 2|C[5o]ne" - 2A5oe" - 4(C[5o]Vae")} 

~ ''■e“|xn‘5o]{—2p[5o] — 2fiit!C[5o] — 2|^[5o]P — x[‘5o]x[‘5o]} ^(2 + IxPl'^o]) + 02 ( 1 ") 

(3.9) 


This proves (3.1 ).□ 


We remark that formula (3.91 can be used to dehne an appropriate ajfine 
parameter on JV^ Indeed, the above shows that there exists a function A(v, r) 


A(v,t) = -t{[-2p[5o] - Xab[5o] • x“'’[‘5o] 

- 2divC[S] - 2|C[5o]|']e" - 2A5oe" - 4(C“[5o]Vae'')} 

- 're''|xn5o]{2p[5o] - 2dwC[5o] - 2|C[5o]|^ - xl^ojxl^o]}"^(2 + IxH^o]) +02 (t) 

(3.10) 

so that if we let 

:=(l + kl(u,r))L„_,, (3.11) 

and denote by trx^^ ^ the corresponding null second fundamental form of ^ 
then: 


= 2. (3.12) 

Note for future reference that A(v, r) can be expressed in the form: 


Aiv, r) = r{2A5„ + 02^(1) • V - [^ + 02'(l)]}e" + 02 (r) 


and in particular we can re-express (3.111 as: 


rtt = T{2^Sa+Oi{l)-V-[^+Oi(l)]}e'’+o^{T) 

A=Lni -r u ^ 


(3.13) 


(3.14) 

Proof of Lemma \ 3.S\ ' It suffices to show a localized version of our claim. 
Consider a natural map between Sq and 5' ^ which identifies the points on null 
generators of A/’[iSo], A0„ that intersect on Sy^r (see the East and West “poles” 
on Sy^r in Figure 2. We can thus identify area elements on these spheres; thus for 
a given triplet of points Pi, P 2 S A/’[5o] and P 2 , P 3 € AAi,,t that lie on the same 
null generators of A/’[iSo], respectively, we think of dVs^_^{Pi){dVsg{P 2 ))~^, 
dVs^^^{P 3 ){dVs'^ ^{P 2 ))~^ as a numbers. Letting x stand for a point in the null 
segment (P 1 P 2 ) we then derive: 
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log[dVs^^^{P 2 ){dVso{Pi))~^] = / trx^{x)dx (3.15) 

Jo 

In particular since (by the Raychaudhuri equation) trx^ is a non-increasing, 
non-positive function along {P 1 P 2 ), we derive: 


\log[dVs^jP,)idVs,iP2))-^]\ < Te^\trx^{P2)\ 

We now use trx^'’'^ on ^ to derive (letting x € (^ 2 ^ 3 )): 

log[dVdVs, {pMS„AP 2 ))~^]= f trx-'^--ix)dx 

Jo 

^ 1 r. / L ^ ^ trX^{Sv,r) 

> -FpAv,T)trx--.^{P2) > ^^2 ^ 


(3.16) 


(3.17) 


using (3.8) and (2.7) in the second inequality. 

Thus, adding (3.16) and ( 3.17| ) we derive (for r small enough) the inequality: 

dVs^^ jPoKdVs^iPi))-^ > 1. (3.18) 

Moreover, clearly we have equality if and only if trx^{P 2 ) = 0. In this case, the 
Raychaudhuri equation implies that trx^{P) — 0 for all P G {P 1 P 2 ); moreover 
clearly Fp^ (v, t) = 0. 

Thus, we have derived that: 


dVs'^^ > dVso 


(3.19) 


with equality if and only if trx^ = 0 in A/'[iSo] between Sq and and F^^t = 0 
on Sy^T- n 

We note for future reference that by a similar argument (integrating the 
structure equations (2.18), (2.20) in the L and L-directions respectively, and 
using (2.7)) shows that for all v,t as in Lemma 3.1 we have 

|5«CIco(5;,j < <5, < <5 (3.20) 

for all i < 2. 


The main method towards proving our result will be by expoliting a mono¬ 
tonicity property enjoyed by the Hawking mass on null hypersurfaces that are 
perturbations of the shear-free null hypersurfaces in Schwarzschild. We review 
this in the next subsection. 


4 Monotonicity of Hawking mass on smooth null 
surfaces. 

In this section we will review certain well-known monotonicity properties of the 
Hawking mass which go back to [13] (see also [23], whose notation we largely 
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follow). We begin by understanding the asymptotic behaviour of the relevant 
Ricci coefficients for all hypersurfaces that we consider; we then proceed to 
study the behaviour of these coefficients under perturbations of the underlying 
hypersurfaces. 

4.1 The asymptotics of the expansion of nnll snrfaces rel¬ 
ative to an afRne vector field. 

Understanding the asymptotic behaviour of the expansion of a smooth past- 
directed outgoing will be necessary for the construction and study of our 
luminosity foliation. 

We introduce a convention: When we write a tensor (defined over level 
spheres in with lower case indices a, b we think of it as an abstract tensor 
field. When we use upper-case indices, we will be referring to its c omp onents 
evaluated against the vector fields e^, A = 1,2 defined in Definition [2^ 

Lemma 4.1. Consider any infinite smooth past-directed outgoing null surface 
Af . Assume that A is an affine parameter on J\[_ and let be the corresponding 
affine vector field. Assume that defined relative to l/' satisfies the fall-off 

condition 

Assume also that \trx(x) — 2\ and |x|(a:) are sufficiently small onS = dJV. Then 
there exist continuous and bounded functions (tensors) a[(f>,9,X),hab{,4)ff,X) S 
0 ^(1) which converge to continuous limits a{(j),9),bab{4',9) over Sod '■= doDAf as 
A —>■ oo so that: 


^ 2 a{x,X) , hab{x,X) 

'A - A + a2 “ A2 


(4.1) 


Furthermore the first and second spherical derivatives d^i, of the functions 

a{x, X), hab{x, X) remain in 0'*(1) and have continuous limits as X ^ oo. 


We also note for future reference that Lemma |4.1| can also be applied to 
families of infinite null surfaces: Consider any 1-parameter family of infinite 
smooth outgoing null surfaces r G [0,1], let A is an affine parameter on 
each of these, and assume that the corresponding Weyl curvature component 
a,, satisfies the same fall-off condition 


|a,|G02'(A-"-^). 


Then the bounds (4.1) hold for (x^^) 


We also note a consequence of Lemma 4.1 If we let be the (intrinsic) 


connection on the level spheres S\ of the affine parameter on JV, then for A,Bg 

{ 1 , 2 }: 

G 02(A-1). (4.2) 


We wish to study the first variation of the quantities above in r, for the 
surfaces A/[^ that we consider. To do this, we need the following definition: 
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Definition 4.2. We say that a 1-parameter family of smooth outgoing past- 
directed infinite null surfaees as above is of class Tl{S) if there exists a 
natural map: ^ J\f ^ with $-r(A, </>, 0) = (A, 4>r,0r) so that: 

• the componets ofa^ measured relative to the frame X~^{^r)*de 

are differentiable in r and obey the bound 

|5r(a^B)r| G O^iX ^ 

• The metric components {'fiab)r{X) measured relative to the same frame 
satisfy: dr{lT)AB{X) = 0 ( 1 ). 

• trx^ = 2 at Sr := dflr and |(x^g)r| 5 , G 0 ^(A"^). 

Lemma 4.3. Consider a 1-parameter family of infinite null surfaces JfLvr’ 
class TZ{S) as described above. Assume that there exist funetions lF{v),Q{v) G 
C^{(j),9) (both depending only on 4i,9, and the function v{(p,9)) and tensors 
fab g 02 ( 1 ) ,fab G 02 (A“^“'^) depending on 4>,9,X so that the first variation of 
the metric and curvature components is given by: 

=f^^Wnv)AiXAB)v=fABWQ{v). (4.3) 

Then the function dy := dr\T=oa,y^r, and the components of the tensor field 
{hab)v '■= c)T\T=o{hab)v,T Can be expressed in the form 


dy{x) = b,{x)j^[v] + b2(x)g[v], (tiABUX) = 63 ( a ) j-h + bi{x)g[v], 
where bi G O^)!), z = 1,2,3,4. 


(4.4) 


Proof of Lemma 4-P We refer to the evolution equation (2.20) for %. This 
is a tensorial equation, while we are interested in the components of the tensors 
X- To do this, we first recall the (tensorial) evolution equations on trx and x 
on a null surface, see the first equation in (2.20): 


^AtrX = - ^(trx)^ - IxP^^AX^ft = - Pab- (4-5) 

As discussed above, we let (x^^) be the evaluation x{eA,eB)', accordingly 
we let (cxab)- (The cajCb are among 4>,0). Using the fact that L commutes 
with the two vector fields 9^ and de, we derive the formulas: 


VlT = 0,g(yLeA,eB) = - ^ilAB + x^^,ff(VLeA, L) = -g(yLL,eA) = 0, 
g{SJLCA,L) = (a- 

(4.6) 


Also 


g{\/LL,L) = 0,g(VLL,L) = -g{^LL,L) = 0, 
9(^lL,ca) = -gC^LCA^L) = -g(X/e^L,L) = -2(a- 


(4.7) 





Furthermore, recall that is a symmetric (0, 2) tensor field over the level 
sets of A. We let (x**)a be the corresponding (1, l)-tensor defined via the relation: 


= x(eA,eB). 


Therefore: 


VlT = 0, Vlca = + (x\)^eB + CaL,\/lL = C^ba- 


Then by the definition (2.171 of ^ and from (4.8) we have: 

= -^ba + (x“‘)AeB 

We also recall the definitions of xab, and note that: 

g{VAL,L) = 0,g(VAT,T) = -^(VaT,^) = -2Ca. 
In view of this we find: 

^aL = Xa^b - CaL. 

We derive 


(4.8) 


(4.9) 


LifAB = Lg{eA,eB) = 5(VlBa, bb) + ^(ba, V^bb) = -^ab + 2x(BA,eB) 

= -^ilAB + iiAB^^X + 2x^^ = ^iiAB + ‘2.\~^hAB- 

(4.10) 


Then, using the second formula in (4.5) and the definition of covariant dif¬ 
ferentiation, we find, for Ba, Bb among $, 0 


^a(x^b) = (^ax)(ba,bb) + x(^aBa,bb) + x(^AeB,BA) 

2 

= “ xA(eA, bb) - tr;^(eA, bb) - Oab + Xac^b + ^b^ca 
2 

= “ xX(eA, bb) + 2XacAb “ ^ab 

Now, let a := X'^(trx^ - \),hab ■= A^X^^- 

Then using the ( |4.5| ) we derive the following equations for a, h: 

d _ I 2 hABhcoil^^ii^^ 
dA““ A2“ A2 

^(/iAb) + -y2^AD ■ dcBif^ = -X^{aAB)- 


(4.11) 

(4.12) 
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Now, combining the above two equations with (4.10), the claimed asymptotic 
behavior along with the bouncr^ 


iiABiSx] = ilABiSo] + O'^(l) 
follow by a simple bootstrap argument, using 

^^QlAB G 0 ^(A ^ 

To derive the claim on the spherical derivatives of a, h, we take first one 


derivative 9^; of (4.111, (4.12), (4.10). We then obtain a system of three linear 
first order ODEs: 


A,B,C,D=1 

{d^iii^^)hABhcDii 


BD 


BD^ 


C,D=1 A,C=1 

(4.13) 


^{d^ihAB) = -^{dci>ihAc)hBDif^° - ^{dtj,iii^^)hAchBD + ><^{dtj,iaAB) 

2 2 

^ 0^{\-^){d^.hcD)+ Y 0^{\-^){d^^hcD)-\\d^.aAB), 

C,D=1 C,D=1 

(4.14) 


■^{d^ijfAB) = -^iiAB + -^d^ijfAB + 2 A '^d^ijiAB 
0{X~‘^)d^ia + 0{\~‘^)d^iifAB- 


(4.15) 


The 0(A“^) terms in the last lines of the above equations follow from the 
bounds we have already derived in the previous step. 

Our claim on the first derivatives thus follows from standard formulas for 


this first order system of linear equations. Then replacing this in (4.11), we 


derive the claim for d^ia. The claim for the second derivatives follows by taking 
a further rotational derivative of the above equations and repeating the same 
argument. □ 

For future reference, we note that the above imply the bounds 


'ffAB[Sx] = iiAB[So] + 02 ( 1)5 


(4.16) 


which also capture up to two of the rotational derivatives of ifAB- 


^^This follows from the definition of y and the asymptotics in (|4.1[|. 
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Proof Lemma 4-3' We again consider the evolution equations (4.11), (4.12), 
(4.10) for and the evaluation of hy^r against frame e^,e^. (So now a, Lab 
depend on the parameters v,t). 

We then consider the (9T-|T-=o"derivative of this system. (Recall that 
stands for a Jacobi field J-see (2.15)). Since and dy commute by construc¬ 
tion, we find: 


d 

dA 


{ay) = -^{dy)a- ^ ^ \{hAB)vhcDil^^ 

A.B,c,n=i 

^ -AC 

Ol{\-^){ay)pOi{\-^){h,,)yP Y. 0\{\-^){iiy ) 


• AC 

+ (7f )hABhcDil^^\ 


(4.17) 


■^{hAB)v = -^{hAc)vhBDii^^ - -^{il )hAchBD - A^(d^B)i 
2 2 

= Yh Oi{\~‘^){hcD)v + Yh *^2 (^~^)(^Cd)u - A^(d^s)i; 

C ,£>=1 C,D =1 


(4.18) 


- Y^ifAB + y^Iab + 2A ^ab 

Oi{\-^)a + Oi{\-^)iij,j,. 

Thus, recalling that d„ = 0 at A = 1, our result again follows by the above 
first-order system of linear ODEs, by integration of these first order equations. 
This completes the proof of our Lemma.□ 


We note that (4.1) together with the formulaP^ 


ifab{{\ = ri{(j),e)}) - 7fah({A = r2(^,6»)}) = 2 f 


{\=r2{4>,e)} 


{A=ri(<>.e)} 


sii(A), (4.20) 


where A is any chosen affine parameter on ^ and L the associated affine 
vector field, implies the existence of the limit (where a, b are evaluated against 
the coordinate vector held d^i , 8 ^ 2 ) 

{lT,T^)ah ■■= limx„^y^ocKAilab[S\^^^] (4.21) 


on each N_ yy 
Using (4.21|) 
sociate a 


applied to any affine function on each y we naturally as- 
metric at inhnity” (for the chosen affine function). We also check 
that in view of the regularity in the angular directions of y in (4.11, the limit of 


^^The indices a, b below take values among the coordinate vector fields d^i , 8^2 . 
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the Gauss curvatures of X~^ifab[S\^ .^\. This limit in fact agrees with the Gauss 
curvature of the limiting metric As we will see below, on any fixed 

any smooth change of the affine parameter Xy^r induces a conformal change on 


the metric at infinity, defined (for any affine parameter) via (4.211. 


We also note a few useful facts about the asymptotics of the Ricci coefficients 
C, X on the affinely parametrized null surfaces Af y 

Lemma 4.4. Given any surface N_y ^ in our space of perturbations, we claim 
that (letting Ly^y be the null normal to the level sets of Xy^y normalized so that 
9 {Lv,tI Ly^y) = 2).' 


and 


moreover: 


=Ol{X-y^y),XtB €Oi{X-y^y). 

{Xy,y - 1) 


trx '’•^[Sx] > 




(4.22) 

(4.23) 


Proof: Recall from (3.20) that 




■[S'yJ\<S,Y,\d^^hj¥\<6 


i=0 


i=0 


The claim on ( follows from the second equation in (2.20) (a linear ODE, 
given the bounds we have on y) by multiplying by and evaluating against 
e. 4 , A = 1,2. To derive the claim on the rotational derivatives of Ca, we just 
differentiate the evolution equations by d,pi and invoke the solution of first order 
ODEs, along with the derived and assumed bounds on the angular derivatives of 
X and /?. Once the claim has been derived for fa, we refer to the third equation 


in (2.20) and repeat the same argument for Xab- This proves (4.22). 


To derive (4.23) we invoke (4.1) and multiply the equation (2.21) by A, and 


derive an equation: 


dr, , 

5 a '■'‘’'*1 


atrx 

~ 


= —2Xdivf — 2A|Cp — 2Xp + Ayy. 


(4.24) 


In the RHS of the above, all terms can be seen as perturbations of the main 
term —2Ap, in view of the bounds we have already derived. Thus our result 


follows by the bounds on p in (2.8) and treating the above as a first order ODE 


in Atry, using the smallness of S compared to m. □ 

Eor future reference we note two key facts: The first is that by integration of 
the evolution equation (4.24), we derive that Atry has a limit over Slf^y, which 


is a function. We denote this limit by trx^’°° to stress the dependence on 
the choice of affine function A. Note that by Lemmas |4.1[ |4.4[ and formula 
(4.48), for any of the hypersurfaces ff = Ny y this limit in fact agrees with the 


limit of the (renormalized) Gauss curvatures of the level spheres S\: 


limx^ooXtrx^ = 2limx^oa>? l^[Sx]. 


(4.25) 
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In this connection, we make a note on the transformation law of trx on a 


given null surface which satisfies the conclusion of Lemmas 4.1 and 4.4 We 
will be particularly interested in a function lOt equal to the exponent in (3.14). 

We let trx^’°° to be the limit of as A —> oo. We also let trx ^ to be 

the limit of A^trx'''[5A;] as A!^ —>■ oo 


Using that choice of w, the definition (4.21) and the asymptotics for y, y, ^ 


we find that (2.35) implies that letting A^ be the new affine parameter defined 


via (2.32) for w := tOr we have: 


trx^" = trx^ + 2[trx^ + \ 


,x\ujr + o(t). 


(4.26) 


3.1 


4.2 Monotonicity of Hawking Mass. 

In this subsection JV will stand for any infinite smooth past-directed outgoing 
null surface which satisfies the assumptions (and thus the conclusions) of Lemma 
T In particular recall that all the null surfaces ^ considered in Lemma 
satisfy these assumptions. 

We recall a fact essentially due to Hawking, [13] : 

Definition 4.5. Consider any foliation of Jf[_ hy a smooth family of 2-spheres 
Ss, s S [l,-|-oo). We consider the (unique) null geodesic generator L which is 
tangent to and defined via: 

Ls = 1. (4.27) 

We call s a luminosity parameter if: 


trxH^s] = 

We call the family Ss C AO, s € [1, oo) a luminosity foliation of N. 


(4.28) 


In particular try— (defined relative to L) is constant on each sphere Sg- 
A key property of luminosity foliations of N_ is that the Hawking mass is 
monotone for such a foliation, when AO is (extrinsically and intrinsically) close 
to the shear-free null surfaces in the Schwarzschild exteriors: 

Lemma 4.6. We let L he the conjugate null vector field to L on Af for the 
spheres Sg (i- e. g{L,L) = 2, L _L Sg,s >1) and also let y—, y^,C~ be the null 
expansions and torsion of the spheres Sg defined relative to L, L. 

For the luminosity foliation Sg of J\f_ (satisfying \j.28)) we have: 


^TOHawk[ 5 s] = trx^\x-\'^ -\-trx-\C-\'^dVg. 


(4.29) 


In particular when trx^[Sg] > 0 and try—[5^] > 0 for all s > 1 (as will 
be the case for all A0 „,t consider here in view of ( 4.23| )), mnawki^s] is 

non-decreasing in s, in the outward direction. 

Proof: The proof of this follows [23] , which elaborates the argument in m- 
We define a function k over Af defined via: 
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(4.30) 


Vl^ = kL. 

We then recall the evolution equations on each Sg 13 


Vih'x- = -t((rx)^ - + Ktrx. 

^dVs^ = trx^dVs, = -dVs,, (4.31) 

as — s 

^trx^ = —trxtrx + 2/C — — 2div( — ntrx- 


Now, let us study the evolution of the Hawking mass of such a foliation. 
Recall the mass aspect function (2.24) and its relation (2.25) with the Hawking 
mass of each Sg- Now, using these and the evolution equations, along with the 
fact that trx[5s] = |, we derive: 


= y + trx\x\'^+trx\C\‘^dVg. 

(4.32) 


Now, first writing fj, = JI — Jl) and then recalling that trx = trx, we finally 
obtain (4.29). □ 

As we will see in the next two subsections, all the hypersurfaces Af.v,T 
consider here admit a luminosity foliation, and moreover the Hawking mass is 
monotone increasing along such a foliation. It is in proving this latter property 
that the assumption of closeness to the Schwarzschild solution is employed in 
an essential way. 


4.3 Construction of constant luminosity foliations, and 
their asymptotic behaviour. 

We now show how to construct a luminosity foliation on the surfaces Af,, 
using their affine parameters as a point of reference. The construction here 
essentially follows [23], whose notation we also adopt. 

Recall that the affine vector field ^ is normalized so that: [5' t] = 2 

on 5' Xy^r is the corresponding affine parameter, with Ajs' ^ = 1. We refer 
to A„_t as the “background affine parameter” on 

To stress that this construction can be performed separately on each 
we use subscripts u, r on all relevant quantities below, except for the luminosity 
parameters. These we still write as s instead of for notational convenience. 

^®We write trx, ti'X^ C tor short. 
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(Note that each Sy^r lives over ^). In the subsequent sections where we study 
the variation of Sy^r under changes in r, we will use Sy^y. 

The function s that we are then seeking (on each null geodesic on Ny 
can be encoded in a function Wy^y{s,x) defined via the relation: 


Xy^y - Wy^yi^S^X'j. 


The requirement (4.28) can then be re-expressed as: 

^ _ 2 _ 

g^Wy,r S,x s ■trx^''’^{wy,ris,x),x) 

With the initial condition z(;i,_,-(l, a;) = 1. 


(4.33) 


(4.34) 


In order to study the local and global existence of a solution to the above, it 


is useful to recall Lemma 


4.1 


on the the asymptotic behaviour of (A, a;) 


and its derivatives with respect to x. In particular we recall that 


trx^-,-[x) = - -h 


^V,T (^) 


where S 02 ( 1 ), and thus for some 0 < c < C 

c < (a:) < C, 


(4.35) 


(4.36) 


for all (x, A) G JV. Equation (4.34) has a local solution in s. The equation 
(4.34) implies that Wy^r(s,x) is increasing in s; the bounds (4.36) imply that 
the solution exists for all s > 1 (for each v,t). 

We next claim: 


Lemma 4.7. Let Afy ^ be as in Definition 2.5 and let Xy y be the background 
affine parameter, and s the luminosity parameter constructed above. We claim 
that 

{Xy,y - l)-MsA-i - 1] G OiiXfi^y), (4.37) 

and moreover that there exists a function ipy^y(4>,9) so that: 


sA-i =e‘^-(^’®)+02'(A-i). (4.38) 

Postponing the proof of the above for a moment, we define: 


Definition 4.8. Consider the new (affine) vector field ^ := e'^'’’^Lyy and 
let Xy^r be its corresponding affine parameter. 


Observe that (4.38) implies: 


s„,,A-i =1 + 02 '(A-iJ. (4.39) 

In particular, the spheres 5 ({s„^t- = B} C ffy^r) agree asymptotically (to lead¬ 
ing order) with the spheres 5 ({A^^t- = B}) C JXLy^y 
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It will be necessary to calculate the first variation ipy of the functions 
in T, which is defined via: 


•— j \t — 0^V,T’ 

dr 


(4.40) 


We claim: 


Lemma 4.9. Consider a smooth 1-parameter family of null surfaces Afy j. (em¬ 
anating from spheres Sy^y) to which the assumption of Lemma \4.f\ applies. Then 
there exist functions /^(A) G 01(1), f^(X) G 02(X~^) so that 

fiy{(j),e) =lims^^f^{s) f{t)dy{t)dt. (4.41) 

Proof of Lemmas [I3E3' We prove both Lemmas together. Recall the 
parameters Wy^r{X), ay^r(X) on ^ as in (4.33), (4.35). 


We now derive the asymptotic behaviour of the solution Wy^r of (4.34), for 
given v,t: Given (4.35) our equation becomes: 


^S^V,T 


Wy 


K1 + 


ri’U’y.y) ^ ■ 


2 wjj 


(4.42) 


Letting Wy^y '■= we transform the above into a new equation on Wyy. 


a 




S[2SWy^y + a„,r('W„,TS)] 


(4.43) 


In view of the smallness of Oy^y^ and since Xy^y = 1 at s = 1, a simple 
bootstrap argument reveals that Wy^y stays 5-close to 1 for all s > 1. Then just 
integrating the above equation shows that Wy^y converges to a limit as s —)■ oo. 


^ 'a)^^7-(oo), 


(4.44) 


with |i(;i,_T-(c») — 1| = 0(5) and |w«,r(s) — r5t,,T(oo)| < Cs In particular, we 
can define a continuous function (py^y{s,(j),0) via: 




(4.45) 


The above combined show (4.37) and ( |4.38 l ^except for the angular regularity. 
We let (py^y(if,9) := lims^ooTv,T{4>,9). To obtain the extra regularity in the 
angular directions we just take derivatives of (4.43), up to two 

times. Then the claim on the extra regularity follows immediately from the 


resulting (linear) ODE, using the bounds we have derived in Lemma 4.1 on the 


angular derivatives of Oy^y. This proves Lemma 4.7 


The proof of Lemma 4.9 follows by just differentiating in r equation (4.42) 


to derive (letting dy{X) stand for i9,-|^_Qai,_r(A) and a'y y{-) stands for the regular 
derivative in A of ay^y{X)). 


°For the former merely recall that A = s on this initial sphere Sv,t- 
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, ay{wos) + a'^o{wos)wyS ao{ws) , 

OsWy = - ——rr + — tt: - :;z7z:^i^v\'>^os) + af^iwosjwys). 


2s2(l 


aojw) 

2wos 




(4.46) 

(Here w = ws lives over the original surface Af). Thus, seeing the above as a 
first-order linear ODE in w„(s) we derive: 


zh„(s) = 0*(l) / 0^(t '^)dy{wo{t))dt. 


(4.47) 


By the definition ( 4.45| ) of ipy^r{s,(j),9) and passing to the limit s —)• oo, our 
claim follows. □ 


We have thus derived that any luminosity foliation on any N^y ^ is asymp¬ 
totically equivalent to an affine foliation of the same null hypersurface AAy t- 
The relation between the luminosity parameter s and the new affine parameter 
is given by (4.39). 


As we have seen in the introduction, the main issue in capturing the Bondi 
energy at a section of I~ is to approximate that section by spheres that become 
asymptotically round. With that in mind, we introduce a definition: 

Definition 4.10. Given any Afyy and either an affine parameter A or the 
luminosity parameter s, we let: 


oo,s 

V.T 


:= limB^o.B'^JC[S{{X = H})](0,0), 
(<)., 9) := limB^^B'^lC[S{{s = B})]{cj>, 9). 


(4.48) 


Regarding the first limit, recall the discussion after (4.21) on the existence of 


a limit of the (renormalized) Gauss curvatures for an affine foliation. Regarding 
the second limit, note that we have not yet derived its existence at this point. 
We next claim that the (renormalized) limits of the Gauss curvatures and 


the Hawking masses of the two foliations by Xy^r and s as in Definition 4.8 
agree. This will enable us to replace luminosity foliations with suitable affine 
foliations on each of the null surfaces Afy ^ that we are considering. 

Lemma 4.11. In the notation above we claim that on each Af,, y'. 


/C-;^(0,0) = /C“;^”-(<)>,0) 


(4.49) 


and 


limB—^c>D^liawk\B {\^S -^})] foo^Hawk[^({^i;,r -^})] (4.50) 

Proof: To derive the first formula, we note that by the definition of 
for any affine vector field L with corresponding affine parameter A: 
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/■{A=r2(0,6»)} 

i/abi{X = ri{(l>,9)}) -'/fabi{X = r2{(l),0)}) =2 K^b^^), (4-51) 

J{A=ri(0.e)} 

where the indices a, b are assigned values from among the vector fields d^,dg. 

Then, we choose the afhne parameter and choose ri{(j),6) = B. We 
also choose r 2 { 4 >,d) to be the function so that: 




Then invoking the asymptotics (4.1) of x, equations (4.511 and (4.391, along with 
expression of the Gauss curvature in terms of second coordinate derivatives of 
the metric of the spheres, we derive (4.49). 

To derive (4.50) we recall a formula for the Hawking massj^ 

n^Hawki^] = r[5] f -p-^x-x- divCdVs- (4.52) 

J s 


To derive this, we have used (2.24), (2.25) and: 

/C[5] = -p- ^x[‘5]x[‘5] + ^trx[S]trx[S] 


(4.53) 


Thus, to prove ( 4.50| ), the main challenge is for any fixed large H > 0 to 
compare trx,X on the spheres {s = B} and {A = B}. We will be using the 
formulas derived in section 2 of [3], for the distortion function: 


= A({s = B})B 


-1 


(4.54) 


{i/jb is defined to be constant on the null generators of A/(„^). By (4.39) we 
derive that: 


V-B = 0^,{B-^) 


(4.55) 


Using (4.51) we now compare the metric elements of the two spheres {s = 5} 
and {A = i?}, via the natural map that identifies points on the same null 
generator of J\f_: 

7{a=b} = (1 + 0{B-^))-f[s=B}- (4.56) 

A consequence of this is a comparison of the area elements and the areas of 
{s = B} and {A = B}: 

Area[{s = B}] = (1 + 0(il“^))Area[{A = B}]. (4-57) 

On the other hand, the transformation laws of section 2 in [3] imply that: 

B^p{{s = B}),B^p{{X = B})} = 0{B-^). (4.58) 


The X, X (along with their traces and trace-less parts) appearing below are defined relative 
to any pair of null vectors L,L which are normal to S and normalized so that g{L,L) = 2 . 
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Also, the transformation laws of subsection |2.3| in the present paper imply 


B'^{trx[S{{s = B})]trx[Si{s = B})]-trx[5({A = B})]trx[5({A = B})]} = 0{B 

(4.59) 

b3{x[5({s = B})]x[S{{s = B})] - x[5({A = B})]x[5({A = B})]} = 0{B-^). 

(4.60) 


These equations, combined with (4.52) prove our claim. □ 




Remark. Note that the transformation laws (2.33), (2.34), (2.35) invoked above 


show that since the Ricci coefficients y a ssociated with the affine parameter 
Xy^r satisfy the bounds (4.22) of Lemma 4-4' then the same bounds are satisfied 


by the Ricci coefficient associated with the luminosity parameter s. 

We next prove that the luminosity foliations on all the hypersurfaces 
have the desired monotonicity of the Hawking mass: 


Monotonicity of the Hawking mass for luminosity foliations: 


Lemma 4.12. Consider any hypersurface Afy ^ as in Definition 2.5. and let 
{‘5s}s>i be its luminosity foliation. Then > 0 for all s > 1. (Here 

Ls is the future-directed outgoing null normal to Ss). In particular, in view of 
( 4.29| ) , mHawk[^s] is an increasing function in s. 


Proof: We show this in two steps. Firstly, observe that the level sets of the 
original affine parameter Xy^y satisfy try^”-^ [5 a„ ^] > 0. This follows from (4.23) 
which yields a positive lower bound for try^”-^ • Secondly we use this lower 

bound to derive try^=[5s] > 0. This second claim in fact follows straightfor¬ 


wardly from (4.23), coupled with (4.37) (which encodes how the spheres S^s^b} 
are small perturbations of the spheres 5 ^.^=_b>), and the transformation law 

(p)27l). □ 


5 Variations of the null surfaces and their lumi¬ 
nosity foliations. 

We next seek to capture how a variation A7„of the original Nq induces a 
variation on the Gauss curvature of the metric at infinity of Af ,. ^ associated with 


the luminosity foliations on these surfaces. (See the first equation in (4.48l). 


5.1 


Varying null surfaces and luminosity foliations: 
effect on the Gauss curvature at infinity. 


The 


We consider the family V„ ^ of smooth null surfaces in Definition 2.5 We also 


consider the associated functions Wy^r{4>,9,s) and let Sy^y to be the luminosity 
parameters on A7„ (We write out Sy^y instead of just s, to stress that we are 
studying the variation of N_y y and the parameters Sy^y defined over them). 
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Our goal in this section is to calculate the first variation of the renormalized 
Gauss curvatures 


1C?, 


1 ,s 

3rrou.rici 


(see (4.481) which corresponds to the 


initial null hypersurface A/'q. In other words we seek to capture: 


dr 


,B'^lC[{s^,r=B}cK.^r]- 


(5.1) 


Remark. We note for future reference that the precise same calculation can 
he applied also to capture the first variation of Gauss curvatures around any 
null surface with ||a;|| w«.j>(5o) — This follows readily in view of 

the assumed bounds on the curvature on the surfaces A/',.,. In particular all 
the formulas we derive remain true, by just replacing the Ricci coefficients and 
curvature components on Afn by those on Af ,, . 

Definition 5.1. On each Af ,,. ^ we let Sy^r be the luminosity parameter. We let 
be the level set = B} C and ^y y[B] the induced metric on 

this sphere. We then let: 


'yfAr ■= 


dB 


AB] 


(5.2) 


The limit is understood in the sense of components relative to the coordinate 
vector fields d^,de. For t = 0 we just denote the corresponding limit metric by 


(Note that these limits exist, by combining (4.39) with (4.21), to derive that 

)• 


the corresponding limit exists for the level sets of the affine parameter A 
Note further (as mentioned above) that the same equations imply: 


= lirnB^ooB‘^lC[{sy^r = B}]. 


(5.3) 


To capture the variation of the Gauss curvatures, we proceed in two steps: 
The variation of the null surfaces foliated by the backgound affine param¬ 

eters Xy^r is encoded in the Jacobi fields (2.15) along the 2-parameter family 
of geodesics yg C Jjfy t- Recall the new affine parameters defined in Def¬ 
inition |4.8[ which asymptote to the luminosity foliations of the hypersurfaces 
Afy^y. We then define the family of modified Jacobi fields J that correspond to 
these affine parameters: 


Jv,q{B) -.= = B} (5.4) 

We consider Jy expressed in the frame L, e^, e^, L. as in Definition 

Definition 5.2. We denote the components of the Jacobi fields Jy expressed 
with respect to the above frame by Ar, A =1,2 and Jf. We will think of 
these components with respect to the background affine parameter A on Af- The 
prime / will stand for the derivative with respect to A. (In particular {jkf '■= 

fJhA- 


2.1 
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We let: 


(J^Yoo :=limx^oo{JtyW- 

(The existence of this limit will be derived below, for every v G IV^’^(So)). 
We claim that: 

Proposition 5.3. With the identification of coordinates described above: 


^[ 7 “ ] - + o(r). 


(5.5) 


4.8 


In fact, using the definition 
that: 

(J#)'(A) = (J|^)'(A) + ^„(A). 


of Xv^r along with (4.40), we find readily 

(5.6) 


The evaluation of the two terms in the RHS of the above will be performed in 
the next section. For now, we prove the Proposition above: 


Proof of Proposition (5.3); The key insight behind the proof is that the vari¬ 
ation of the spheres under study can be decomposed into one tangential to the 
original null surface M q and one transverse to it. We find that the transverse 
component of the variation only contributes an error term to the variation of 
the (renormalized) Gauss curvature. On the other hand, the tangential varia¬ 
tion induces a (linearized) conformal change of the underlying metric, since it 
corresponds (up to error terms) to a first variation of affine foliations. In a dif¬ 
ferent guise, this latter fact was also used in (albeit on a single, un-perturbed 
null hypersurface); as noted there, the intuition behind this goes back to the 
ambient metric construction of Fefferman and Graham [12j . 

Returning to the proof, observe that it suffices to show that: 


= B}]-B^IC[{so = B}] = 2TB^[A^[B]+2ICi-f[B]mj^y]+o{T)+0{B-^) 

(5.7) 

Invoking the limit B ^^\B] —>■ 7 °° (the convergence being in C^, as noted in the 
proof of Lemma 4.11) we note that: 


L\i 




with the convergence being in LP{S). Thus it suffices to show (5.7) to derive 

To capture the difference in the LHS of (5.7), we will proceed in six steps, 
suitably approximating the spheres 


= B}C {so = B}C1 ACq. 


Recall that is the affine vector field on normalized so that trx^'’'^ K,t] 
2. Recall that A„_t- is the corresponding affine parameter. We also recall that 
Xy^T is the affine parameter on J\f_^ ^ which asymptotes to the luminosity param¬ 


eter Sy^r', see (4.39). 
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Definition 5.4. We let ]2u t be a new ajfine vector field on Mn defined via: 

it.. := {l + r{J^y^)L, 

and we let be the corresponding affine function over A/'q p] normalized such 
that Xy^ = 1 on So and = 1. 

Let L'^ ^ be a null vector field, normal to the level sets of ^ on ACq, with 

g{Ly,,lZ^,) = 2. 

We then let: 

Definition 5.5. 1. So{B) := {sq = B} C A^q. 

S^{B) := {Xo = B} C Ko- 
3. Sl^iB) := {Xy, = B}cKo- 

4 - Sf ^{B) is the sphere obtained from Sif ^{B) by flowing along the geodesics 
emanating from the vector field L'^ ^ by in the corresponding affine 

parameter. 

5. SlflB) := {A„,, = B}cAA„_,. 

6. SlflB) := = 

Our aim is to show that 


B^^S^,iB)]-B^^SlflB)], 


(5.8) 

(The 


equals the RHS of (5.5) (up to errors of the form 0{B ^), plus o(t)). 
difference in ( |5.8| ) is taken in the coordinates 4>, 9 defined over both spheres 
Sl{B),SlflB)). 


To do this, we seek to “move” from the first to the sixth sphere by succes¬ 
sively moving along the intermediate spheres defined above. 

Invoking Lemma |4. 11 we find that: 


\B^lC[Sl{B)]-B^lC[Sl{B)]\ = 0{B-% \B^lC[SlflB)\-B^lC[SlflB)]\ = 0{B-^) 

(5.9) 

Next, our Assumption |2.8| on the space-time implies that: 

\B^JC[SlflB)] - B^lC[SlflB)\\ = o{t) + 0{B-^). (5.10) 

The above combined then show that: 

^®Recall that Wq is the original null hypersurface. Thus these are 1 -parameter families of 
afBne vector fields over the original hypersurface. 
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(5.11) 


B^lC[Sl,{B)\ - B^lC[Sl^{B)] = B^lC[Sl,{B)] - B^lC[SlM 

+ B^K.[Sl,{B)] - B^K.[Sl,{B)] + 0 {B-^) + o(r). 

Thus it suffices to estimate the two differences of the RHS of the above, up 
to errors of the form 0 {B~^) and o(t). 


We recall that the functions trx^ , can be thought of as a scalar¬ 

valued functions over the null surface Mn\ we can then consider their restriction 
to any sphere This yields a scalar-valued functions over that sphere. 

With this convention, recalling (4.26) we derive that: 




B ■ trx^'^^^[Sl,{B)] = B{1 + 2T{Jt)'^)tTx^'[Sl{B)] + 2 tB^ 

+ o(r) + 0(R-i). 

(5.12) 


Now, we recall that 7 °° is the metric induced “at infinity” on by the affine 
parameter Xq. We apply formulas (4.53), (4.1) and recall the decay of the 


component p in (5.18) to the affine parameter Aq to derive that: 


Btrx^'[S'^{B)] = 2/C[7~] + 0{B-^). 


(5.13) 


Combining the above two equations, we derive that: 

B^K[Sl,{B)] = B^^SUB)]+2r[A^^+2^x°°]]{J^y+0(.B-^)+oiT). (5.14) 
Now we proceed to show 

i?2/C[5,V(S)] - B^^Sl,m = O(S-I) + o{t) : (5.15) 

Let 'Hv,t be the (small, incomplete) future-directed null surface emanating 
from 5)) ^ in the direction of L'^ Let L'^ ^ be the corresponding affine vector 
field on this surface, and the corresponding affine parameter, with ^ = 0 
on Let us denote by lJ, the transverse null vector field along 'Hv,t which 
is normal to the level sets of ^ so that ^) = 2. We then observe 

that by definition: 

:= = r} C (5.16) 

This, implies that 


L' 




= 5 "^L 7 ,{Xai'-^[ 5 .%(i?)](x-“-)“'’[ 5 .%(S)]} + o(r) 

= 0{B~^) + o(t). 

(5.17) 
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The last equation follows from the first and last formulas in (2.18) and the 
bounds in Lemma [4.41 


Furthermore, by our decay assumptions (2.8) on the curvature components 
(which are assumed on all 


B^p[Sl^iB)],B^p[SlAB)] = 0{B-^). 

Consequently, invoking equation ( 4.53| ), we derive (5.15). 
This completes the proof of Proposition |5.3[ □ 


(5.18) 


Thus the main point that remains is to express {J^rYoo in terms of the func¬ 
tion e’'. We take this up in the next subsection. 


5.2 Variations of the null surfaces and Jacobi fields. 

The goal for the remainder of this section is to prove: 

Proposition 5.6. There exist fixed functions (i. e. independent of v) p S 
C^{So),i = 0,1,2,3 with \P\c^(So) ^ S so that: 

{JtYo. = (1 + n{-2As,e^ + pd^e^ + fd^e" + pe^. (5.19) 

This will be proven by combining Propositions |5.7| and |5.8| below, see formula 

We proceed to show: 

Proposition 5.7. We claim that there exist fixed functions (i. e. functions 
independent of v) S 0 ^ 2 p~p,k^ S 0 ^{X~p,fB g 0^(X), p,p € O 2(^)0 
so that: 


p = epP = kPpP = k2eP 

2 

iJp' = -2Asy + f^^clP] + /-e". 
c=i 


(5.20) 


Moreover, the limit lim\^coX (A) exists, and is a 6-small (inP) perturba¬ 
tion of the operator Asg[e'"]. 


Proof: By the construction above, ( |3.8| ) and the definition (2.15) we readily 
find that for each point Q G Sq (with XP{Q) = 1): 


J^(l) = e",ji(l),j2 (l)=0, 

T—(1) = e"|xp[5o]{—2p[5o] — 2(iwC[5o] — 2|C[5o]|^ -I- x[‘5o]x[5o]} ^ 

^^Recall that the vector fields ei,e2 below correspond to . 
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Moreover, the requirement that J corresponds to a variation by null geodesics 
implies that lJ) = 0; this in turn forces (J^)'(l) = 0. We also h ave by 

construction (J'^)'(l) = 0, for A = 1,2. Lastly, we have derived in (3.10) that 


(J^)'(l) = -2A5„e’' + 0^(1) • Ve" - (2p[5o] + 0^(l))e". 


(5.22) 


Jacobi equations. We study the Jacobi equation relative to the frame L, ei, 62 , L. 
We recall the Jacobi equation: 




(5.23) 


In order to solve for the Jacobi field, we first need to express the LHS of 
the above in terms of Vl derivatives of the various components, relative to 
the frame L,L,e^,e^. Recalling the evolution equations (4.8|, (4.5), (4.1) we 
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calculated 

2 

J = V^( J^L + J^L + ^ J^ca) 

A^l 

2 2 

= {J-fL + (J^)"L + ^ {J^fcA + 2[{J^yVLL + ^ [J^rVLCA] 

A^l A^l 

2 

+ J^Vl(VlL) + ^ .AvAyLeA) 

A^l 

2 

= (J^)"L + {A)”L + ^ (J^)"eA + 2{A)'C,^eA 

A^l 

+ 2 ^ {J^y{--CA + (x^)^eB + CaC) 

A=l 

2 1 

+ J^Vi[C^eA] + 5 ] J^^d-jCA + + CaC) 

2 

= {J-TL + (J^)"i + ^ (J^)"eA + 2( J^)'C^eA 

A^l 

+ 2 ^ {J^y {--CA + (XA)^eB + Ca^) 

A =1 

+ J^lViC^eA - ^C^eA + C^(x“)AeB + AUL] + ^ J^((Vi(xi)''eB + CaL) 

A^l 

+ H - T(XA)^eB - \~^C,aL+ {AaA AbA + {AaA^bU 

A^l 

= (JA'L + {Ay'L + (J^)"eA + {AyAeA 

A^l 

+ 2Ar )'{{ AyA )^ B + uL ) 

A^l 

+ E + (C^)'a 

A^l 

+ ^,7- 

(5.24) 

Recall that / stands for the regular ^-derivative of scalar-valued quantities. 


2 a ^4 X 

+ aJ'-* + 
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In short, using the equations (4.221 and (4.11, we derive the equation: 


V^J = (J^)"L + (J^)"L+ + (J^)' ^ Oi{\-^)eA 

A^l A==l 

2 2 

+ E oi{x-^){j^yeB + J 2 o^,{x-^){j^yL ( 5 . 25 ) 

AM=1 A=1 

+ Y.AoiiX-^)eA+ E 02 ^(A-")J^eB + E 




A,S =1 


A =1 


Now, setting B = L in (5.23) we derive: 

(V^J)^ = Rau.'^r = RalAA^r = 0 . 


(5.26) 


Refer to equation (5.25). Observe that the coefficient of L is precisely (J^)”■ 
Thus we derive: 

(A)"(A)=0 

Therefore, using the initial conditions A(l) = e'", (J^)'(l) = 0 at A = 1 we 
find: 

A = (5.27) 

We now consider the i?-components of the Jacobi equation, with B = 1,2. 
Recalling that we derive: 


(J®)" + E [02(A”^)(J'^)' + 0^(A-3) J^] + Oi{X-^)e'’ 


A=1 


= -RlslJ"^ = Rlll,A + = R^bl^^ + R^alJ 


(5.28) 


= /3"e''+a^J^. 


Moreover, since (5.28) is a linear ODE with trivial initial data, (since T^(l) = 
(J®)'(1) = 0 for B = 1,2 as noted above), we derive that the solution A,j‘^ 
depend linearly on the parameter e". In particular there exist two functions 
'd^(A), d^(A) so that: 

jS(A) = i?®(A)e". (5.29) 

Then, using the explicit form of the equation above to express it as a system 
of first order ODEs, we readily find that 'dt,(A) G 02(A“^). 

Finally considering the component B = Lin the Jacobi equation, along with 
( [5^ , A = e^ we find: 


(jA" + 0^(A-3)e’' 

2 2 
= — E Rlsl-J^ — RllllJ^ = — E Rlsl-J^ — 4 pe '" 


(5.30) 


s=i 


S=1 
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Using (2.8), along with the fact that u = 2mX by construction, we derive: 


rSm . . 1 


iJ-y'W = [^+0^2i>^-^)V = [ 

Integrating the above in A we derive: 


m^A^ 


+ OUX-^)]e\ 


Therefore using the initial conditions (5.22), we find that: 


(5.31) 


(J^)'(A) = (J^)'(l) + ^ [\-^dt + Oi{X-^). (5.32) 


/zmA^oo(J-)'(A) = - 2 A 5 oe’' + 0^(l)9,^Ae" + 0^(l)eU 


A=1 


(5.33) 


This precisely yields the last equation in (5.20). □ 


5.3 Jacobi fields and the first variation of Weyl cnrvature. 


Recall (4.40). Our aim here is to show that: 

Proposition 5.8. There exist functions n^{(j),9),n‘^{(j),9),n^{(j),6) G O^iSoc) 
so thatW^ 


ify =n^ ■ + n- 


Tv, 


e”l 


Proof of Proposition |5.i$| ' We can now use our explicit evaluation of the 
Jacobi field J (corresponding to the variation dr in the notation of (5.4)) ob¬ 
tained in the previous subsection. In particular, our first aim is to determine 
the dependence of the quantities 


dr\r=0'//^^ ■■= J{'ff"'''),dr\r=oaAB ■= J{QLab) 


lAB 


on the function v. We will show that they depend as in (4.3), and we in fact de¬ 


termine the parameters in the RHSs of that equation. Then, Lemma |4.3| yields 
an explicit formula for dy{X). 


We first calculate the first term above. We start by observing that: 

C,D = 1 

And then, recalling that JX = 0 and e"^A = 0 by construction, we calculate: 

Recall that O2 is a slight abuse of notation and refers to functions defined over tSo (or tSoo? 
via the identification of points on the same null generators on To)- requires the function 
and to rotational derivatives d^i to be bounded by < 5 . 
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JjiAB = Jg{,eA,eB) = g{VjeA^es) + 5(6^,Vjes) = A ^g{Vjd^A^es) 

+ A"^5(e^, Vja^s) = A"^5 (V^a J,eB) + g{e^,VJ). 

To pursue this calculation, we express the Jacobi field J in terms of the frame 
L, L, ei, 62 : 

2 

J = + J^L + ^ J^ec. 

c=i 

Thus: 


C=i 


JjiAB ='^ ^ J'^)g(ec,eB) + A ^ ^ (V,^b J'^)g(eA, ec) + 

c=i 

2 

+ ^ •A^b(VAec,es) + 5(6^, Vsec)]- 


c=i 


(5.34) 


In view of ( |4.2[ ) , and the formulas for the other components of J that we found 
above, in conjunction with (4.2), we derive that there exist functions G 

02 ( 1 )) ’’ € 02 (A“^) so that: 


■AB 


if =JiiAB = f W[yv[e"]+re"], 


(5.35) 


where >V[e''] stands for the RHS of (5.33). Note that the above shows that the 
first assumption of Lemma 4.3 is fulfilled. 


Next, we calculate the variation of the curvature component (Xab- We claim: 

Lemma 5.9. There exist functions JXbWJIbW g y%{\) e 

^ '^) (independent of v) so that for each A,B G {1,2}.- 

Aab = /abI^SoS'’ - Pe"} + /Ise" + yABec(e^). (5.36) 


Observe that the above implies that the second assumption of Lemma |4.3 


is fulfilled. Thus, combining the above Lemma with (5.35), and then invoking 
Lemmas |4.3| and |4.9[ Proposition 5.8 follows immediately. Thus, matters are 


reduced to showing Lemma 5.9 


Proof: We calculate for each A,Bg {1, 2}. 


(Xab '■= 5 r|T=o[a(eA,eB)] = J[a{eA,eB)] = J[R{L,eA,eB, L)] = (VjR){L,eA,eB,L) 
+ R{'^ jL, e^, es, L) + R[L,V je a, eB,L) + R{L, eA,'X7 jCb, L) + R{L, ca, sb,'^ jL). 

(5.37) 
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Observe that by our decay assumptions (2.8), (2.9), (2.10) on the derivatives 


of the Weyl curvature components, as well as the bounds (5.27), (5.29), (5.33) 
that we have derived, we find: 

(V,/i?)(L, eA,e.B, Ld = lJ^ab + lQ^ab + c<Xab 
= 0^(A"^""){A5e’' - 2C'^VAe" + p + X - divC - |Cn[5o]e’'} 

+ 0^(A-3-^)e^ 

(5.38) 


In order to calculate the remaining terms in the RHS of (5.37), it suffices to 


calculate the second and third terms in the RHS; the fourth and fifth follow 
in the same way. We first consider the first term. By construction J and L 
commute. Thus: 

Ri^ jL,eA,eB, L) = R{y LJ,&A,eB,Ld = {J~)' R{L, ^a, ^b , Ll) 

2 

+ y^(J‘^)'R(ec,eA,eB,L) 
c=i 
2 

+ ^ R{V lCc, eA,eB,L.) + J^Riy iJj, ca , eB,L) 


C =1 

2 


C =1 


jC 

— ^ i?(ec, eA, eB,L) + J^XQR{^D,eA,eB,L) + RiL,eA,eB, L) 

(5.39) 


(We have used the fact that (J^)' = 0). Thus, using (2.8), (2.9), (2.10), we 
derive that in the notation of Lemma 15.91 


R{VjL, CA, eB,T) = {VABec)e" + /ABe" 


(5.40) 


in the notation of Lemma |5.9| To evaluate the second term, note that since 
JX = 0, [J,9^] = [J^de] = 0 then J and e^,A = 1,2 also commute. Thus, 
invoking (4.9), and using the fact that i?(L, L, o'®, L) = 0 we find: 


R{Ly j^A,eB, L) = R{Ly saJ^^b^L) = {^AJ^)R{LLy ec, sb, T) 

C=1 

+ {^aJ^)R{Lli L: ^Bi Ll) 

2 

+ JRR{L: V S-B, Ld T R{Ia, eA^T ^Bt Ld + 'd RILl: V ca^C: ^B, Ld)- 

(5.41) 


c=i 


Thus, using (5.37), the decay assumptions on the curvature coefficients (2.8) 


(2.9), (2.10), along with the bounds (5.27), (5.29), (5.33) we have obtained on 


45 






























the components of J (in the previous subsection), we derive: 


R{L,V jeA,eB,L) = {y%ec)e" + 


(5.42) 


thus combining (5.38), (5.40), (5.42) above. Lemma 5.9 follows. This concludes 


the proof of Proposition 5.8 □ 


6 Finding the desired null hypersurface, via the 
implicit function theorem. 


We now recall Propositions 5.3 and |5.6| Denote the RHS of (5.19) by L[e" 
consider C acting on the space lV‘^’*’(5o), for a fixed p> 2. 


We 


We first carefully define the map to which we will apply the implicit function 
theorem. Recall that r • e’' = w, and denote the sphere Sy^r C A/"[iSo] by S^j. 
We have let := and S'^ := 5'C On each we recall the 

luminosity parameter Syj with = 1} = 

We define a natural map — >• Sq which maps any point Q S to the 

point 4>((5) G 5o so that the null generator of A/'[iSo] though ^'(Q) and the null 
generator of through Q intersect (on S^)-see Figure 2 where now Sy^r = 

For conceptual convenience, let us consider the “boundary at infinity” 

of JSAy, which inherits coordinates (j),9 from 5o by the map We let := 

dooKuj- 

We then consider the operator: 

: W*’P{So) ^ LP{{s = BC Af^}) 

defined via: 


:= B^IC{{sy, = B} cAAy) (6.1) 

We also define: 

$oo . w^’P{So) ^ LPiS^), $'^(0;) := liruB^oo^^(uj) (6.2) 

We now claim that: 

Proposition 6.1. Choose any p > 2; the map : lF‘*’^’(5o) —>■ LP{S^), is 

well-defined and for all uj G S(0,10“^M“^) C VF^’^(iSo), where M fm) > 1 
is a precise constant that will appear in the proo/p^ Furthermore, letting 

^0^,00 . w^’PiSy,) LP{Sff) 

be the linearization around any uj G B{0, 10“^M“^) C VF‘^’^(iSo), we claim that 
for any uj, uj' G B{0, 10“^M“^), uj,uj' >0 we /iawe{^ 

11^)“^’“ _ < .M||w — a;'||w4,p(5p). (6.3) 

stands for the ball of radius in iy^’P(5o). 

^^Note that the operators take values over different spheres, (5,2° and 5^2 

respectively). Nonetheless we may compare and subtract the operators below via the natural 
map from these spheres to 5o as described above. 
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Moreover, for 0 < S << m small enougl^^ we claim that there exists a 
constant C > 0 with IC — 1| being small, and a function uj G B(0, C 
so that: 

$°°(a;)=C'. (6.4) 


above. As we will 

note in the proof, there are in fact many such w’s-in fact a 3-dimensional space 
of such functions. 


Note that the second part of (^6.4| implies Theorem 1.3 


Proof of Proposition \6.1\ We will be showing this by an application of the 
implicit function theorem. Returning to expressing to = tv, we have derived, 
combining Lemma 3.2 with Propositions 5.3||5.6 and the conventions on C[e"\ 
at the beginning of this section, that: 


|:l.=o$~(eV) := + 2/C[7~]) o C[e'^\. (6.5) 

In fact, as noted in Remark |5.1| the same formula holds for the variation around 
any sphere 5)),, for all w(iS^) > 0 with ||a;||c 2 < 10“^m. We denote the corre¬ 
sponding linearization as follows: 


d 

dr 


T=0 




^(eV) := = (A^o^. + 2/C[7“]) o C,.[e% 


( 6 . 6 ) 


Observe that the Sobolev embedding theorem W'^’P{S^) C C^{S^) then im¬ 
plies that if we choose M to be the norm of this embedding times m, then 
<l>°°[a;] is a well-defined map for all w > 0, w G ;B(0,10“^M“^). Also (6.3| 
follows by keeping track of the transformation laws for all the geometric quan¬ 
tities that appear as coefficients in the RHS of (6.5), along with the embedding 
W'^'P{S‘^) C C^(5^). Thus, the control of the modulus of continuity in (6.3) 
follows by keeping track of the transformation laws of these quantities under 
changes of uj. We omit the details on these points, as they are fairly standard. 


To prove (6.41, we need to understand the mapping properties of for 

alla;GS(0,10^M-i): 

Observe that for all w G C^(5o) ||w||c 2 ( 5 jj) < 10“^m the operator is a 
(non-self-adjoint) perturbation of the Laplacian A §2 on the round 2-sphere: 


Cuj = A§2 -I- + Tj. 

where the coefficients , /3*, rj (all of which depend on uj) are small and bounded 
in the norm. This (by the continuous dependence of the spectrum of second 
order elliptic operators on the operator coefficients) implies that there exist co¬ 
dimension-1 subspaces C W^’P[Sq), C IT^’^(iSo) so that the restriction 
LIj of L from into 71, is one-to-one and onto, and moreover is coercive, 

^“^Recall that 5 > 0 captures the closeness of the underlying space-time and JV to the 
ambient Schwarzschild space-time, around a shear-free null surface. In particular recall that 
||/C^(A/o) — l||vy 2 ,p is bounded by S. 
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Thus in particular the inverse (£^) ^ : T —>■ Auj is bounded: 

ll(/::)-Vlk-.p < iom||0||u^2.p,v0 G r^. 

Note that A^j, %j are annihilated by elements ipuj, ‘Pui in the dual space which 
are (5-close (in the suitable norms) to the constant function 1 (this is because of 
the closeness of the operator C to the round Laplacian A§ 2 ): 

Ip G Aui {< ip,ipui >= 0 for some fixed ip^ G (Vb"'’^)*, ||l-'!/'cc;||(iv4.p)* < ^}- 

(6.7) 


ipeTuj {<>= 0 for some fixed ())„ G (Vb^’^)*, IIl-(^<^II(W 2 ,p)* < |5}. 

( 6 . 8 ) 

Now, observe that ( 6.61 implies that the effect on the Gauss curvature of 
52° under perturbations of Af,^. (with a first variation of oj by e*') agrees with 
that induced by conformally varying the metric 72°, with Cuj[A\ being the 
first variation of the conformal factor. In particular, by integrating over these 
variations, we derive that <i)°°’(a;) (i.e. the Gauss curvature on 5“ := daoALui) 
agrees with the Gauss curvature of a metric 


g2S((^)^oo^ 


where S(w) (for ui = o'") is defined via: 


S(w) 



CTU}[u}\dT. 


(6.9) 


In particular, the metric at infinity 72° on Af ,, arises from the metric at 
infinity 7 °° on AOq by multiplying against a conformal factor with S(a;) 

defined via (6.9|. Furthermore, note that S(w) is in Vb^’^(5o) (with norm 
bounded by 10“^mM). Thus, it suffices to show that there exists an w G 


W'^'P{Sq) so that: 


/C[e^("')7°°] = C, 


( 6 . 10 ) 


for some constant C ~ 1. This will follow from the implicit function theorem. 
First, note that all the operators Ctuj are small perturbations of As 2 , as noted 
above. Next, to make the implicit function theorem applicable, we slightly 
generalize this by considering (for any C^-small function a) the operator 



[^] dT, 


which is still a small (non-self-adjoint) perturbation of the Laplacian; we are 
interested in the case where a = uj. Then, the implicit function theorem im¬ 
plies the following two facts: First, together with the bound on the modu¬ 
lus of continuity of for all w G 5(0,10“^M“^) implies that the image 

S(5(0, 10 “^M“^)) is a codimension -1 smooth (open) submanifold in W^’P{So), 
with radius bounded below by 
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Secondly, using (6.8), it follows that S := I](;B(1,intersects the 
space of dilations (in transversely: Given any P G S, considering the 

segment seg(P) := t ■ P, t G [1 — 10^,1 + 10(5]. Then the segment seg(P) 
intersects S only at P. Moreover, the intersection is “almost normal”, in the 
sense that 4>p{P) ~ 1, for (j) being the element in the dual space in (|6.8[) that 


annihilates the tangent space of S at P. 

Now, given the solution to the uniformization problem for the metric 7° 
note that there exists a 4-parameter space of functions U\„ for which 


= A. 


Here A G M+ and q G SO{2>, 1) (the conformal group of S^), normalized so that 
U\^q = (since the scaling of a conformal factor corresponds to a scaling 

of the resulting Gauss curvature). Thus the space U\^q, A G M+,q G «S'0(3,1) 
intersects E transversely along a smooth 3-dimensional submanifold. Ghoosing 
any element of this intersection provides a conformal factor for (6.10) to 

hold. 

The three dimensions of freedom thus essentially correspond to the three 
dimensions of the conformal group modulo isometries, SO{i, 1)/S'0(3). They 
corresspond to the fact that we can capture all constant-curvature (up to the 
constant, which is not fixed here) metrics conformal to 7°°, nearby 7°°. This 
completes our proof. □ 


References 

[1] S. Alexakis, A. lonescu, S. Klainerman Hawkings local rigidity theorem 
without analyticity, Geom. Funct. Anal. 20, No. 4, (2010), (845-869). 

[2] S. Alexakis, A. lonescu, S. Klainerman Uniqueness of smooth station- ary 
black holes in vacuum: Small perturbations of the Kerr spaces, Gomm. 
Math. Phys. 299, (No. 1), (2010), 89-127. 

[3] S. Alexakis, A. lonescu, S. Klainerman Rigidity of stationary black holes 
with small angular momentum on the horizon, Duke Math Journal. 163, 
(no. 14) (2014), 2603-2615. 

[4] S. Alexakis and A. Shao, On the geometry of null cones to infinity under 
curvature flux bounds, to appear in Glass. Quant. Gravity arXiv: 1303.1260, 
2013. 

[5] S. Alexakis, A. Shao Bounds on the Bondi Energy by a Flux of Curvature.To 
appear in Jour. Eur. Math. Soc. (52pp), arXiv.org/1308.4170 

[6] G. Bergqvist On the Penrose inequality and the role of auxiliary spinor 
fields Glass. Quantum Grav. 14 (1997) 2577-2583 . 

[7] H. Bondi, M.G.J. van der Burg, A.W.K. Metzner: Gravitational waves in 
general relativity Proc. Roy. Acad. A269 (1962) 21-52. 


49 




[8] H. Bray, Proof of the Riemannian Penrose inequality using the positive 
mass theorem. J. DifF. Geom. 59 (2001), no. 2, 177-267. 

[9] B. Carter An axy-symmetric black hole has only two degrees of freedom, 
Phys. Rev. Lett. 26 (1971), 331-333. 

[10] D. Christodoulou and S. Klainerman, Global nonlinear stability of the 
Minkowski space, Princeton University Press, 1993. 

[11] P. T. Chrusciel and J. L. Costa On uniqueness of stationary vacuum black 
holes, Asterisque 321 (2008), 195-265. 

[12] C. Fefferman and C. R. Graham, The ambient metric. Annals of 
Math, studies, 178, 2011 

[13] S.W. Hawking, Gravitational Radiation in an Expanding Universe J. Math. 
Phys. 9 (1968) 598-604. 

[14] S. W. Hawking, G.F.R Ellis, The large scale structure of space-time Cam¬ 
bridge Univ. Press, (1973). 

[15] G. Huisken, T. Ilmanen The inverse mean curvature flow and the Rieman¬ 
nian Penrose inequality J. DifF. Geom. 59 (2001), no. 3, 353-437. 

[16] J. dost Riemannian Geometry and Geometric Analysis, Springer. 

[17] S. Klainerman and I. Rodnianski, Gausal geometry of Einstein-vacuum 
spacetimes with finite curvature flux, Inventiones Math. 159 (2005), 437- 
529. 

[18] M. Ludvigsen, J.A.G.Vickers An inequality relating the total mass and the 
area of a trapped surface in general relativity J. Phys. A: Math. Gen. 16 
3349-53 (1983). 

[19] M. Mars An overview on the Penrose inequality, XXlXth Spanish Relativ¬ 
ity Meeting (ERE 2006), Journal of Physics: Conference Series 66 (2007) 
012004 

[20] R. Penrose: Naked Singularities, Ann. of the N.Y. Acad, of Sci. 224 (1973) 
125-134. 

[21] R. Penrose, W. Rindler Spinors and space-time (vol. 2), Cambridge Uni¬ 
versity Press (1986). 

[22] D.C. Robinson Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 
(1975), 905-906. 

[23] J. Sauter, Foliations of null hypersurfaces and the Pen¬ 
rose inequality, Ph.D. thesis, ETH Zurich, 2008, URL: e- 

collection.library.ethz.ch/eserv/eth:31060/eth-31060-02.pdf. 


50 



